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Abstract

This paper presents a progressive algorithm for recon-
structing a 3D structure from a given 2D sketch drawing
(edge-vertex graph without hidden line removal) according
to the user’s sketch order. While previous methods recon-
struct a 3D structure at once, the proposed method pro-
gressively calculate a 3D structure by optimizing the co-
ordinates of vertices of an object according to the sketch
order. The progressive method reconstructs the most plau-
sible 3D object quickly by applying 3D constraints that are
derived from the relationship between the object and the
sketch drawing in the optimization process. Furthermore, it
allows the user to change viewpoint during sketching, and
also minimize distortion of an object by refining inaccurate
sketch drawings. The progressive reconstruction algorithm
is discussed, and examples from a working implementation
are given.

1. Introduction

During the conceptual design stage of products, design-
ers tend to draw their basic ideas of the mechanical parts
mainly on papers with pencil. This tendency is natural be-
cause the interface with computer is not appropriate for de-
signers to convey their basic ideas of products.

The method of representing three-dimensional informa-
tion by using a line drawing is easy to input geometrical
information. Once the 3D model is obtained, it can be ma-
nipulated/modified, and further detail can be sketched in to
obtain more detailed and accurate object. The approach pro-
vides designers with the means to convey their ideas to a
CAD system.

However, systems for processing of sketches depicting
3D objects are less common. The primary difficulty is the
need to perform an inverse-projection from the plane of the
sketch drawing to the 3D space. This step is mathematically
indeterminate. In addition, 2D sketch drawing is an inaccu-
rate projection of a 3D wireframe model. However, human

seems to be able to do this with little difficulty. It is exactly
this capability that we wish to emulate in this paper.

To reconstruct 3D geometrical information from a 2D
sketch drawing, first, it is required to generate edge-vertex
graph by analyzing strokes in the sketch drawing [20]. In
addition, we should identify 2D actual faces (edge circuits)
of a 3D object depicted as 2D edge-vertex graph [15, 21].
Second, it is required to restore a 3D object, that is, the
depth values of individual vertices of 3D object, by using
the geometrical/topological relationship among 2D identi-
fied faces, edges and vertices [10, 13].

This paper discusses mainly about the restoration of a
3D object. Previous reconstruction methods reconstruct a
3D structure at once from the off-line sketch drawing by
optimizing the objective function derived from image regu-
larities of the sketch drawing. Thus, those methods are diffi-
cult to apply to the on-line sketch drawing with the change
of viewpoint. In addition, they require much time to pro-
cess because they use the global relationship among all 2D
entities.

In this paper, we describe an algorithm for reconstruct-
ing the most plausible object by optimizing the coordinates
of vertices of an object face by face according to the sketch
order. Figure 1 shows an overview of the progressive 3D
reconstruction. First, the algorithm identifies 2D edge cir-
cuits that correspond to the actual faces of an object. And,
it analyzes the optimal sketch order that serves as input for
the system. Then, the proposed method refines the geomet-
rical information of the rough partial object into that of the
detailed complete object by adding faces to the partial ob-
ject. In the optimization process, we restore a 3D structure
quickly by applying 3D constraints that are derived from the
relationship between the partial object and the sketch draw-
ing. The algorithm reconstructs manifold or non-manifold
object more quickly than previous ones from orthographic,
parallel or perspective projections. Main features of the al-
gorithm are as follows:

1. Optimal sketch order : After identifying actual faces
of an object from a 2D sketch drawing, the progressive
algorithm estimates optimal sketch order of the user’s



Figure 1. Overview of the progressive 3D re-
construction

drawing order if the input is an off-line sketch draw-
ing. And then, we gradually calculate a 3D structure
according to the optimal sketch order.

2. Dynamic viewpoints : If a user changes a viewpoint
during an on-line sketch drawing, the progressive algo-
rithm can be easily applied to the reconstruction pro-
cess without recalculating the image regularities of the
sketch plane.

3. Reconstruction refinement : The progressive algo-
rithm allows inaccurate freehand sketch drawings. In
addition, it can measure the accuracy of the sketch
drawing in heuristic; this capability is used to min-
imize distortion of an object by refining the sketch
drawing.

2. Related works

A sketch drawing lacks an entire dimension, therefore,
additional methods must be found to extract the missing di-
mension. There are many methods on reconstruction from
a single view, such as line labeling approach[5, 6, 12, 14],
gradient space approach[11], linear system approach[4, 22],

interactive construction approach[3, 7, 18], primitive iden-
tification approach[16], and minimum standard deviation
approach[1, 7, 8, 10, 13]. Wang et al.[23] and Lipson[9]
surveyed detailed works on 3D object reconstruction from
a single projection.

In this paper, our progressive reconstruction algorithm is
based on the minimum standard deviation approach.

Marill[13] suggested an optimization-based reconstruc-
tion for depth information of vertices using the minimum
standard deviation of angles(MSDA). His method inflates
the flat sketch into three-dimensional object by minimizing
target objective function derived from MSDA at junctions.
However, this technique yields implausible reconstruction
for non-orthogonal models in experiments.

Braid and Wang[1] refined Marill’s approach by improv-
ing the optimization procedure with conjugate gradients.

Leclerc and Fiscler[8] amended Marill’s method by us-
ing face planarity, however, their method limited object
types.

Lamb[7] implemented interactive reconstruction system
based on line labeling. The algorithm allows user to avoid
ambiguity, and it identifies principal axis and symmetry of
face. Lipson and Shpitalni [10] reconstructed 3D object
containing flat and cylindrical faces based on optimization
method that formalizes various image regularities. Exper-
iments we performed using their technique for various ob-
jects including manifold or non-manifold yielded plausible
reconstruction.

3. Problem definition

A sketch drawing is a single 2D projection of a 3D ob-
ject that may be manifold or non-manifold. The goal of
the sketch reconstruction is to restore the original 3D object
with the information derived from the projection only.

3.1. Assumptions

1. Sketch drawing : The input projection represents a
wireframe model of a general object, and it consists of
a single 2D line drawing only which is given as a graph
of connected entities.

2. On-line/Off-line sketch drawings : The on-line
sketch drawing has the sketch order of faces with dy-
namic viewpoints. However, the offline-sketch draw-
ing has no sketch order with a fixed viewpoint.

3. 3D object : It can be manifold or non-manifold de-
picted in the sketch drawing. However, no information
is provided to the reconstruction system about the 3D
object itself, its type or its position to the viewpoint.



4. General viewpoint : The projection is drawn from a
general viewpoint that reveals all edges and vertices.
That is, none of the edges or vertices of the object co-
incide accidentally, and none of them accidentally ap-
pear to be joined in the projection.

3.2. Requirements

1. The most plausible object : A 2D sketch might be a
projection of an infinite number of possible 3D objects.
The reconstruction must arrive at the most plausible
3D object described by a given projection, that is, the
object that human observers are most likely to select.

2. Sketch order analysis : In the off-line sketch drawing,
there are tremendous orders in drawing an object. The
algorithm is required to analyze optimal sketch order
to reconstruct the most plausible object.

3. Dynamic viewpoint : Once part of the object has been
reconstructed, it is possible to change the orientation of
the depicted object in three dimensions, and continue
sketching more details from a different viewpoint. It
allows the user to gradually sketch a model, part by
part, from a convenient viewpoint each time.

4. Reconstruction refinement : The procedure for iden-
tifying the most probable solution must be able to tol-
erate faults due to an inaccurate sketch drawing. How-
ever, sometimes the sketch drawing is so inaccurate
that the reconstruction result produces somewhat dis-
torted object. The algorithm is required to minimize
distortion of an object by refining the sketch drawing
if there are obvious faults.

4. Reconstruction process

4.1. Preprocessing

It is very important to identify edge circuits that corre-
spond to the actual faces of a 3D object for reconstructing
the most plausible 3D object. In the case of off-line sketch
drawing that consists of edge-vertex graph, face identifica-
tion problem is to select k faces among all plausiblem faces
by 2m combinatorial searches. In this paper, we identify
actual faces by applying maximum rank equation and face
adjacent theorem [15, 21] to reduce search space as shown
in Figure 2.

In this paper, we analyze the sketch order of faces to re-
construct a 3D object progressively from the off-line sketch
drawing. There are tremendous sketch orders in drawing
an object. If there are n actual faces of an object, there are
about (actually smaller than) n! sketch orders of sketching
if we draw face by face. We analyze the initial sketch and

Figure 2. Off-line sketch drawing and face
identification

(a) Normal sketch order

(b) Abnormal sketch order

Figure 3. Sketch order analysis

the successive sketch order according to the following con-
straints.

1. Initial sketch (S0) analysis : It is general for human
beings to draw orthogonal adjacent faces of an object
first. Also, human beings start to sketch with large
faces. Here, we assume that the initial sketch drawing
(S0) contains at least two adjacent faces and 6 points
as shown in leftmost of Figure 3.

2. Successive sketch order (Si; i > 0)analysis : In gen-
eral, human beings tend to draw adjacent faces of the
previous sketch drawing. To get ith sketch order (Si),
we select a face that is adjacent to the faces of (i�1)th

sketch order (Si�1) and that has high ratio of previ-
ously sketched edges as shown in Figure 3(a).

Our sketch order analysis is natural and coincides with
the general order of drawing. In this respect, sketch order of
Figure 3 (b) is too odd to produce the most plausible object
depicted in the sketch drawing.

4.2. Initialization

First, we identify the prevailing axis system by analyzing
the distribution of strokes by means of an angular distribu-
tion graph (ADG). ADG is constructed by sampling the an-
gle of every entity in the sketch drawing. Then, we generate



the objective function by weighting coefficients of various
image regularities[10]. We optimize the objective function
with respect to the Z coordinates of points P (X;Y ) in the
initial sketch drawing (S0) to reconstructed the initial object
(O0). We use Brent minimization algorithm[2] to solve full
n-dimensional nonlinear optimization problem. Where n is
the number of points in the initial sketch drawing. ADG
provides a good initial guess for most typical engineering
parts exhibiting some degree of orthogonality.

Once the initial object has been reconstructed, we can
define the projection matrix T that transforms 3D vertex v

expressed in homogeneous coordinates into normalized ho-
mogeneous 2D point p on the sketch plane. In experiment,
we find that the matrix T is good enough to establish rela-
tionship between the sketch drawing and an object although
the sketch drawing is inaccurate. The matrix T is defined as
Eq. 1[19].
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We calculate the projection matrix as follows. Assume
that there is a normalized 2D line l(a; b; c) in sketch draw-
ing. Then, we can define a 3D plane A that projects into the
2D line l by Eq. 2.
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Let 2D lines lh(0; 1;�pv) and lv(1; 0;�pu) be orthog-
onal in 2D point p(pu; pv). Then, we can define 3D plane
Ah and Av that project into 2D line respectively with Eq.
2. We can derive Eq. 3 from the plane Ah and vertex v be-
cause 3D vertex v should lie on the plane Ah. Similarly, we
can derive Eq. 4 from the plane Av and the vertex v.

Ahv =
�
0 1 �pv

�
Tv = 0 (3)

Avv =
�
0 1 �pu

�
Tv = 0 (4)

Each 2D point with a known 3D position thus provides
two linear equations. To solve 11 coefficients of i th pro-
jection matrix Ti, the sketch drawing should have at least 6
points. We can solve the linear equations Eq. 3 and Eq. 4
by using singular value decomposition[17].

Figure 4. Vertex constraint

4.3. Reconstruction with 3D constraints

To estimate the positions for the inserted vertices pro-
gressively, we derive three constraints from the relation-
ship between an object and the sketch drawing. In the re-
construction process, each vertex should satisfy three con-
straints. Three constraints are as follow:

1. Vertex constraint: By Eq. 1, the vertex constraint
means that each vertex v of a 3D object should be
transformed into the corresponding 2D point p of the
sketch drawing by the projection matrix T (Figure 4).
That is, each vertex v satisfies Tv � p = 0. Let there
are n vertices of a 3D object. Then, the vertex con-
straint can be defined as Eq. 5.

Fvertex =

nX
i=0

f(Tvi � pi
u
)2 + (Tvi � pi

v
)2g (5)

where (pi
u
; pi

v
)is the coordinates of the corresponding

point pi of ith vertex vi; T denotes the projection ma-
trix extracted in the previous reconstruction step.

2. Edge constraint : Given a 2D line l(p1p2), we can
generate a 3D plane A by Eq. 2. Then, the correspon-
dence end-vertices of a 3D lineL(v1v2) should lie on a
plane A. We evaluate the edge constraint by summing
the distance from each vertex to the plane. However,
there are infinite plausible lines that satisfy the vertex
constraint and the edge constraint as shown in Figure
5. Let there are n edges of a 3D object. Then, the edge
constraint can be defined as Eq. 6.

Fedge =

P
n�1

i=0
f(liTv1)

2 + (liTv2)
2
g

n
(6)

where, v1 and v2 are two end-vertices of a 3D line L;
l is the normalized corresponding 2D line; T denotes
the projection matrix extracted in the previous recon-
struction step.



Figure 5. Edge constraint

Figure 6. Face constraint

3. Face constraint : The face constraint means that 3D
vertex v should be lie on the 3D plane(face). With the
constraints on vertex, edge and face, we can constraint
the optimal 3D line (Figure 6) among the infinite plau-
sible lines (Figure 5). Let there are n faces of a 3D
object and each face have m vertices. The face con-
straint can be defined as Eq. 7.
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To estimate the positions for the vertices progressively
as shown in Figure 7(a), we generate (i + 1)th par-
tial object(Oi+1) by optimizing the objective function
that is derived from the previously reconstructed par-
tial object(Oi), projection matrix(T i), and current sketch
drawing(S i+1). The objective function must be optimized
with respect to the coordinates of vertices. In this paper, we
define the objective function (Fprogressive) as the sum of
three 3D constraints as Eq. 8.

(a) Progressive reconstructed partial objects

(b) The final reconstructed complete object

Figure 7. Reconstruction results

Fprogressive = Fvertex + Fedge + Fface (8)

A vector V containing the x, y, z coordinates of the ver-
tices can represent a 3D configuration of an object. An ob-
jective function Fprogressive(V ) can be computed for any
3D configuration by evaluating above three constraints. The
process of manipulating the V while seeking the best recon-
struction is a full 3�n-dimensional nonlinear optimization
problem, where n is the number of vertices of current par-
tial object. We use Brent minimization algorithm[2]. Be-
cause the problem requires much time in the minimization,
in practice, we reconstruct a 3D structure of an object face
by face each time.

Although we divide the problem into small ones, the
initial guess of solution is main issue of the nonlinear op-
timization problem. We use ADG as an initial guess for
reconstructing an initial object. Consequently, we use the
(i � 1)th partial solution as an initial guess of the ith so-
lution. This initial guess is good enough to restore a 3D
structure of an object efficiently as shown in Figure 7.

4.4. Dynamic viewpoint

On-line sketch allows the user to incrementally draw
a model, part by part, from a convenient viewpoint each.
Once the partial object has been reconstructed, it is pos-
sible to change the viewpoint. Then, the 3D vertices
V (X;Y; Z; 1) is transformed into V 0(X 0; Y 0; Z 0; 1) by 4 by
4 transformation matrix M as Eq. 9. That is, 3D vertices V
is projected into points P 0(X 0; Y 0) in the new sketch draw-
ing.

V 0 =MV (9)

If we use the relationship among 2D entities in the sketch
drawing for reconstructing a 3D object, Z 0 is used to ini-



(a) On-line sketch drawing with dynamic viewpoints

(b) Progressive reconstruction corresponding to the
dynamic viewpoints

Figure 8. Reconstruction from dynamic view-
points

tial value of depth in points P 0. However, we cannot use
the calculated values from the previous viewpoint such as
weighted coefficients of the image regularities. In addition,
we should optimize depth values again because the object’s
coordinates vary from time to time when the viewpoint is
changed.

Figure 8 shows the result reconstructed by applying the
progressive reconstruction algorithm. The reconstructed 3D
object has its own original X , Y , and Z coordinates. We
use all information calculated from the previous viewpoint.
We only recalculate the projection matrix T that establishes
relationship between a partial object and a sketch drawing
(new P 0). We can calculate new T 0 by matrix multiplication
(T 0 = TM ). As a result, we can quickly reconstruct 3D
object from the sketch drawing with dynamic viewpoint.

4.5. Reconstruction refinement

The reconstruction results tend to produce somewhat dis-
torted 3D object due to the inherent inaccuracies in the
sketch drawing. Because sketch drawings itself inaccurate
generally, we cannot determine whether the optimization
will succeed or fail. However, sometimes the sketch draw-
ing is too inaccurate to reconstruct plausible object.

To determine whether the sketch drawing is obvious ac-
curate or not, we introduce threshold �. If the evaluation of
the objective function is larger than � as Eq. 10, we deter-
mine the sketch drawing is inaccurate seriously.

� > Fprogressive (10)

The algorithm refines the sketch drawing by minimizing
the objective function with respect to the vertices of a 3D

(a) Inaccurate sketch drawings and distorted
reconstructions (from left Fprogressive : 22.60258,

16.90177, 39.10252)

(a) Refined sketch drawings and correct reconstructions
(from left Fprogressive : 4.26594, 2.74861,2.97916)

Figure 9. Minimization of objects’ distortion

object and an inaccurate point. We assume that user specify
an inaccurate point. We use dynamic projection matrix T

that is influenced by the specified point. That is, the projec-
tion matrix T effects on the objective function. This capa-
bility can be used to refining the reconstructed 3D objects.

We experiment reconstruction refinement by adding
noise to the sketch drawing, and we assume the value of
threshold is � = 3. We use sketch plane with 512 � 512

pixels, therefore, the threshold we assumed is quite small
quantity. Figure 9(a) represents various sketch error. It is
common to draw inaccurate points in sketching. However,
the reconstruction results deviate the designer’s concept of
products. Figure 9(b) represents refined sketch drawings
and reconstruction results. In experiment, we discover that
if the sketch drawing has much noise (inaccurate), the value
of the objective function is more severe. By refining sketch
drawings, we can minimize the distortion of 3D objects.



5. Experimental results

To estimate the efficiency of the proposed algorithm, we
applied the method to various sketch drawings as shown in
Figure 10 - Figure 15. The experiment is done on a PC with
Pentium III processor (600 MHz).

5.1. Results

To show the effectiveness of the proposed algorithm,
we first apply the algorithm to the synthetic sketch draw-
ing that is acquired by projecting the synthetic objects par-
allelly as shown in Figure 10(a). Our algorithm can be
applied to an inaccurate sketch drawing (parallel freehand
sketch drawing) as shown in Figure 10(b) as well as an ac-
curate sketch drawing. In the case of perspective projection
(Figure 10(c)), the algorithm generate somewhat distorted
object because the initial object reconstruction used image
regularities (assuming parallel projection). In experiments,
we assume that the initial object is given.

We illustrate more complicated examples that are too
complex to sketch in as shown in Figure 11. We use the
projections of synthetic 3D object as the sketch drawings.
The results are acceptable enough to convey the concept of
products.

To determine the accuracy of reconstruction results, we
show the reconstructed 3D objects with arbitrarily rotations
with hidden-line removal or rendering. Normally, we can
reconstruct 3D object as accurate as the sketch drawing it-
self. Table 1 shows the evaluation of the progressive algo-
rithm for various projections and objects. The evaluation
shows that the proposed algorithm reconstructs the most
plausible objects from the sketch drawings quickly.

We demonstrated the results of the reconstruction refine-
ment if users specify obvious inaccurate point (Figure 9).
Here, we try to refine the sketch drawing without manual
intervention. We can refine the sketch drawing by minimiz-
ing the objective function with respect to the vertices of a
3D object and the points of a sketch plane. The process of
minimization is a full 5�n-dimensional nonlinear optimiza-
tion problem, where n is the number of points or vertices.
To reduce the computation, we refine the sketch drawing
point by point. Figure 12 shows the results of the sketch
refinement without manual intervention. It is difficult for
human beings to differentiate the original sketch drawings
from the refined sketch drawings at a glance. However, the
experimental result shows that the refined sketch drawings
are more accurate (small evaluated value of the objective
function) than original input sketch drawings.

Table 1. Evaluation of the progressive algo-
rithm

Sketch ] of ] of ] of Eval. Time
Drawing vert. edge face Fprogre: (sec)

Fig. 10(a) 20 30 12 0.30161 7
Fig. 10(b) 28 39 11 1.41668 8
Fig. 10(c) 32 56 26 0.35640 21
Fig. 11(a) 48 72 26 0.72953 30
Fig. 11(b) 68 100 34 2.14005 58
Fig. 11(c) 124 186 64 0.51826 74

5.2. Discussions

To quantify our reconstruction result’s quality, we have
used Lipson’s algorithm that has been acknowledged as one
of the best of its kind. It works well in freehand sketch
drawings with nearly parallel projections. We implemented
and compared Lipson’s algorithm, modified Lipson’s algo-
rithm that can reconstruct object progressively, and our pro-
gressive reconstruction algorithm.

As shown in Figure 13, the convergence of the objec-
tive function does not mean the reconstruction is the most
plausible object. Experiments show that there is no absolute
objective function that simulates human being’s perception
correctly. Of course, we want to stress that this example is
not meant to belittle in any way the quality of Lipson’s al-
gorithm. Example in Figure 13 is the worst case of Lipson’s
algorithm, where many non-parallel lines in 3D accidentally
parallel in the sketch drawing. Because his method is stable
in most sketch drawings, we used his algorithm for recon-
structing the initial object.

As we discussed, there are many merits of the progres-
sive reconstruction algorithm. However, there exist some
drawbacks of our algorithm. First, it is hard to reconstruct
the plausible object if the initial sketch (Figure 14(a)) is lo-
cal with respect to the complete sketch drawing. Because
the initial object does not reflect the complete object, the
initial projection matrix is inaccurate. The inaccuracy grad-
ually effects on the objective function, and results in an
implausible 3D object as shown in Figure 14 (b). Recon-
struction failure of local initialization can be corrected by
adding image regularities such as line parallelism and line
collinearity to the objective function as shown in Figure
14(c).

In addition, because we adapted the face-based recon-
struction method, it is hard to be applied to the mixed-
dimensional objects. Figure 15 demonstrates the results
from the sketch drawing with the local initialization of a
mixed-dimensional object.



6. Conclusion

We have shown that the proposed algorithm effectively
tackles the three-dimensional sketch reconstruction prob-
lem in a case where depth information is difficult to estab-
lish by restoring 3D structure progressively. The proposed
algorithm reconstructs 3D object face by face according to
the sketch order to improve the efficiency.

As a result, we have been able to develop an inte-
grated and automated approach to reconstructing a com-
plete mechanical part model from the sketch drawing.
By using the progressive approach, we can generate a
manifold/non-manifold object more quickly than other ones
from freehand/off-line/on-line sketch drawings with ortho-
graphic, parallel or perspective projections. In addition,
the proposed algorithm can handle dynamic viewpoints ef-
ficiently and can refine an inaccurate sketch drawing.

Future works are as follows. First, we are interested in
refining sketch drawing more quickly without manual inter-
vention. Second, we will use quadric models to extend our
approach to general mechanical part modeling.
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(b) Manifold object (orthogonal)

(b) Non-manifold object (parallel or freehand)

(c) Object with hole (perspective)

Figure 10. Optimal sketch orders and recon-
structions from various projection types

(b) Sheet metal

(b) General mechanical part

(c) Product with hole

Figure 11. Optimal sketch orders and recon-
structions of mechanical parts



(b) Input sketch drawings (from left Fprogressive :
31.61546, 18.75655, 13.31084)

(b) Refined sketch drawings (from left Fprogressive :
1.56168, 2.78907, 4.40385)

Figure 12. Automatic sketch refinement

(a) Sketch drawing

(b) Lipson’s algorithm (230sec, f = 21:10)

(a) Modified Lipson’s algorithm (69sec, f = 21:68)

(a) Progressive algorithm (17sec, f = 79:68)

Figure 13. Comparison of the reconstruction
results (f : the minimization value of the ob-
jective function that used in Lipson’s algo-
rithm

(a) Local initial sketch order

(b) Reconstruction failure

(c) Correction by adding image regularities

Figure 14. Reconstruction failure and correc-
tion

(a) Mixed-dimensional object’s sketch order

(b) Reconstruction result

Figure 15. Mixed-dimensional non-manifold
object


