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Pressure corrected SPH for fluid
animation

By Kai Bao*, Hui Zhang, Lili Zheng and Enhua Wu
..........................................................................

We present a novel pressure correction scheme for the Smoothed Particle Hydrodynamics
(SPH) for fluid animation. In the conventional SPH method, equations of state (EOS) are
employed to relate the pressure to the particle density. To enforce the volume conservation,
high speeds of sound are usually required, which leads to very small time steps and noisy
pressure distribution. The problem remains one of the main reasons of numerical instability
in SPH. In the paper, a new extra pressure correction scheme is proposed to transport the
local pressure disturbance to the neighboring area and no solution of the Poisson equation
is required. As a result, smoother pressure distribution and more efficient simulation are
achieved. The proposed method has been used to simulate free surface problems. The results
demonstrate the validation of the present SPH method. Surface tension and fluid
fragmentation can be well handled. Copyright © 2009 John Wiley & Sons, Ltd.
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Introduction

Fluids play a very important role in people’s everyday
lives, and fluid simulation has become a hot topic in CG
during recent years. Among the various fluid phenom-
ena, free surface flows with fragmentation and splashes
are among the most attractive and difficult features to
be simulated. Smoothed Particle Hydrodynamics (SPH),
a meshless Lagrangian method, proves to be a desired
method to capture such characteristics and thus becomes
more and more widely used.

To simulate free surface flow, one crucial problem is to
ensure the incompressibility of the flow. Generally speak-
ing, there are two main ways to achieve this. One way
is by ensuring that the divergence of the velocity field
remains zero. In meshed methods, Helmholtz–Hodge
decomposition1 is used to get a divergence-free velocity
field for incompressible fluid simulation. In Reference [2],
a SPH projection operator was introduced based on the
solution of a pressure Poisson equation. They can both
be classified as the projection method. In the approach,
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the time-consuming solution of Poisson equation is
required.

A second approach of achieving the incompressibility
of the flow is by keeping the fluid density constant,
and it can also be categorized to two ways. In one way,
similar to the projection method mentioned above,
solving Poisson equation is required. In Moving Particle
Semi-implicit (MPS) method,3 the particle number den-
sity is kept constant by introducing a corrective pressure
through solving the Poisson equation. In Reference [4] a
similar way is used to keep the fluid density constant to
achieve truly incompressible SPH.

In the conventional SPH method, equations of state
(EOS) are used to directly associate the pressure with
particle density. In this approach, the time-consuming
solution of Poisson equation is avoided. The method
is widely used and has achieved great success. Various
fluid phenomena have been successfully simulated. In
References [5–7], the ideal gas equation (Equation (1))
was introduced, with which the pressure is proportional
to the density of fluid. However, it proved to be hard
to guarantee the incompressibility of free surface flow.8

Some other researchers suggested the Tait’s equation,9,10

with which the pressure responds strongly to the varia-
tion of density and the volume of fluid is generally well
conserved. However, with the Tait’s equation, a high
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sound speed has to be used and the time step is severely
restricted. Also, since little difference in density will lead
to large variation in pressure, the pressure obtained will
be unphysically noisy,6,11 which remains to be one of the
main reasons of numerical instability in SPH.

In the paper, an extra iterative pressure correction
scheme is proposed to be used along with the EOS. With
the pressure correction, the local pressure disturbance
is made to propagate to the neighboring areas and
smoother pressure distribution is achieved. It changes
the fact that the incompressibility in conventional SPH
is only guaranteed by the artificial pressure and more
accurate and efficient simulation is achieved. Smaller
sound speeds and larger time steps are made possible.
In addition, enhancement in the surface tension model
with an extra smoothing procedure is proposed. With
the pressure correction scheme, surface tension and free
surface flow phenomena are successfully simulated.

Previous Work

In the physically based fluid animation, there are two
main categories of simulation techniques: Eulerian grid
method and Largrangian particles. The previous work
will be briefly investigated in these two categories
respectively.

In Eulerain methods, computation domains are
discretized using spatial grids. With this method, the
incompressibility is easy to enforce, while the mass
conservation for small features is not well guaranteed.
The Eurlerian methods are more widely used in the
physically based animation and many fluid phenomena,
such as water,12,13 smoke14, and fire,15 have achieved
successful simulations. To simulate the flow of liquids,
various surface capturing techniques, such as MAC,12

VOF, and Particle Level set,16 have been used to track
the evolution of the surface or interface of the flow. In
Reference [12], the pressure is iteratively solved with
the divergence of the velocity field, which is similar to
the pressure correction scheme in the paper, while it is
within the framework of grid-based methods.

SPH was firstly introduced to computer graphics by
Desbrun and Gascuel5 to simulate highly deformable
bodies. In SPH, the fluid is discretized with a set of par-
ticles, and no computational grids are required during
the computation. With SPH method, mass conservation
is naturally guaranteed and no special surface tracking
techniques are required. Large deformation and violent
fragmentation can be handled in a straightforward way.
Interactive simulation of free surface flow was achieved

using SPH by Müller et al.7 Since then, various extensions
and applications have been made, such as free-surface
flow,8 multi-phase flow,17–19 highly viscous fluids,20

solid-fluid coupling21 and phase transition.22,23 An adap-
tive sampling technique was introduced by Adams et al.24

to achieve more efficient simulation. A fairly extensive
review on SPH method has been provided by
Monaghan.25

Methodology

Basic SPH Formulations

In the SPH method, the Lagrangian form of the Navier–
Stokes equation is used.

dρ

dt
+ ρ∇ · v = 0 (1)

dv
dt

= − 1
ρ
∇p + υ∇2v + g (2)

where v is the velocity vector, p is the pressure, ρ is fluid
density, g is gravitational acceleration vector, and υ is the
kinetic viscosity of the fluid.

As a meshless Lagrangian particle method, in SPH,
the fluid is discretized with a set of particles instead of
computational grids. To evaluate the value of a particu-
lar quantity f at an arbitrary position x, an interpolation
is applied with the neighboring particles, i.e., particle
approximation.

f (x) =
N∑

j=1

fjW(x − xj)
mj

ρj

(3)

where fj is the value of f at the position of particle j, with
its location at xj , W(x − xj) is the smoothing kernel func-
tion, mj and ρj are the mass and density of the particle j,
respectively.

By applying the SPH particle approximation to Equa-
tion (2), the momentum equation in the SPH form can be
obtained.

dvi

dt
= −

N∑
j=1

mj

(
pi

ρ2
i

+ pj

ρ2
j

)
∇iWij

+ υ

N∑
j=1

(vj − vi)∇2Wij + g (4)

where pi is the pressure of particle i.
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Density Computation

The density evaluation plays a very important role in
the SPH method. There are two main approaches to
determine the density of particles in the traditional SPH
method. One is the density summation method, which
can be obtained by taking f at Equation (3) as the fluid
density, and then the density of particle i can be evaluated
by ρi(x) = ∑N

j=1 mjW(x − xj).
The other approach is to evaluate the density by

tracking the evolution of the density through the con-
tinuity equation. By applying the SPH approximation
(Equation (3)) to Equation (1), the continuity density
approach could be obtained.

dρi

dt
= −

N∑
j=1

mj(vj − vi) · ∇iWij (5)

Two approaches both have their own advantages
and disadvantages. The density summation approach
is widely used and has the advantage that it conserves
the mass exactly. However, it suffers from particle
deficiency near the boundary. Especially, when used
with the state equations (Equations (6) and (7)), an
artificial surface tension will be introduced. As a result,
in the free surface problems, many researchers prefer
the continuity approach.

In the paper, the continuity density approach (Equa-
tion (5)) is used.

Equations of State

In the traditional SPH method, EOSs are usually
employed to solve the pressure–velocity coupling
problems. Based on the fact that a theoretically incom-
pressible flow is practically compressible, an artificial
compressibility is introduced and the fluid pressure is
directly determined with the particle density through
the EOS. As a result, the flow achieved with the equation
of state is weakly compressible.

In References [5] and [7], the following ideal gas equa-
tion was introduced.

p = kp(ρ − ρ0) (6)

where kp = c2 with c as the sound of speed. However,
with this approach for free surface flow, the volume of
the flow is hard to be well conserved.8

Following References [9,10], in Reference [8], Tait’s
equation (Equation (7)) is introduced.

p = B

((
ρ

ρ0

)γ

− 1

)
(7)

where B = ρ0c2
0

γ
, γ is a constant and for water γ = 7 is

suggested. The choice of γ = 7 makes pressure respond
strongly to the variations in density. As a result, the varia-
tions of density remain small and the volume of the fluid
is generally well conserved.

However, with Tait’s equation, small deviation in
density field will result in large fluctuation in pres-
sure, and noisy pressure distribution will be obtained
(Figure 1a), which remains to be one of the main reasons
for numerical instability, such as tensile instability.

In SPH, the time step is determined by CFL condition,
viscous force condition, and external force (such as sur-
face tension and gravity) condition.

dt = min

(
α

h

c
, β

h2

υ
, γ

√
h

|fext|

)
(8)

among which, the CFL condition plays the most impor-
tant role. With the Tait’s equation, a high speed of sound
is required to keep density fluctuation low, so a small time
step has to be used. With Tait’s equation, the sound speed
is usually chosen as 10 times of the maximum possible
velocity to keep the density variation under the order of
1%. In Reference [8], a time step of 4.52 × 10−4 is used
with a smoothing length of 0.1 m.

Pressure Correction Equation

For a truly incompressible flow (ρ = constant), Equation
(1) can be rewritten as ∇ · v = 0, which indicates that a
divergence-free velocity field is required to guarantee
the incompressibility of the flow. To obtain a divergence-
free velocity field, the classical projection method is
frequently used. In the projection method, the pressure
Poisson equation, ∇2p = ρ

dt
∇ · v∗, where v∗ is inter-

mediate velocity field without applying the pressure
in the momentum equation, has to be solved. With
the solution of Poisson equation, truly incompressible
flow simulation could be achieved and more accurate
calculation will be obtained. However, solving Poisson
equation proves to be very time consuming.

To resolve the noisy pressure disturbance and instabil-
ity arising from the employment of EOS, and avoid the
expensive solution of global Poisson equation at the same
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Figure 1. Velocity fields of two examples in divergence test with 0, 1, 5, and 20 iterations of pressure correction, respectively.

time, a flexible pressure correction equation is presented.
The detailed derivation of the equation is given below.

Firstly, by substituting the Equation (6) into continuity
equation (Equation (1)), the following equation could be
obtained.

dp

dt
+ ρc2∇ · v = 0 (9)

which can be written in SPH form as

δpi

c2δt
= −

N∑
j=1

mj(vj − vi) · ∇iWij (10)

If the computation is convergent, the RHS of Equation
(10) should be zero. However, it is not satisfied usually.
From Equation (10), a pressure correction value could be
obtained by

δpn
i = −c2δt

N∑
j=1

mj(vn
j − vn

i ) · ∇iWij (11)

Since the pressure correction scheme is iterative, a
counting number n for the iteration is introduced. The
pressure at the new iteration is written as

pn+1
i = pn

i + ωδpn
i (12)

where ω is the relaxation factor with a value under 1.0.
With the pressure correction value, the velocity correc-
tion value can be obtained with the momentum equation.

dv

dt
= − 1

ρ
∇p + υ∇2v + g (13)

where υ is the kinetic viscosity. Then the velocity correc-
tion can be obtained by

δvn
i

δt
= − 1

ρi

∇δpn
i (14)

and the velocity is updated with

vn+1
i = vn

i + �δvn
i

= vn
i − �

δt

ρi

∇δpn
i

= vn
i − �

δt

ρi

N∑
j=1

(δpn
j − δpn

i )∇iWij (15)

where � is the relaxation factor. With other form of the
gradient of pressure, similar results can be obtained.

In each SPH time step, Equations (11) and (15) are
solved iteratively until convergent. During the iteration,
pressure disturbance will propagate to the neighboring
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Figure 2. Results of two examples in pressure distribution test at times of 0.58, 0.92, and 2.06 second, respectively.

particles and smoother pressure distribution will be
obtained (Figure 2b).

The pressure correction scheme actually provides
a combination of the EOS method and the global
pressure Poisson method. The weight of each method is
determined with the speed of sound used. With larger
speed of sound, less pressure correction iterations will
be required and vice versa.

Surface Tension Model

Surface tension plays a fundamental role in many
fluid phenomena, such as fluid breaking and droplet
dynamics. The surface tension results from the uneven
molecular forces of attraction near the surface, and will
lead to a net force in the direction of surface normal.
In SPH method, the most widely used surface tension
model is based on the color function model of Morris26

and follows the work of Müller et al.7 In this model, a color
function field is introduced as c(x) = ∑N

j=1
mj

ρj
W(x −

xj).The surface tension forces can be determined as

f s = σκn = −σ
∇2c

|n| n (16)

Similar to References [8] and [24], an extra smoothing
procedure is applied to the surface tension force obtained
above to get a smoother surface tension force.

f s
smooth =

∑N

j=1 f s
j Wij∑N

j=1 Wij

(17)

Results and Discussions

In this section, several results with our pressure
correction equation and the smoothed surface tension
model are presented and discussed. All the simulations
are performed within a single thread in a computer
with Intel Core2 Q6700 CPU and 8 GB RAM. The
reference densities in all the simulations are taken as
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ρ0 = 1000 kg/m3. All the 2D results are rendered with
OpenGL and 3D results with POVRay.

Divergence

Since the divergence of the velocity field can be used
as the measure for the incompressibility of the flow,
following Reference [27], two examples are implemented
to show how our pressure correction equation works. As
shown in the Figure 1, the particles are represented by
dots and the velocities of the particles are displayed with
line segments starting from the positions of the particles.
All particles have initial velocity of zero, except those
locate in the rectangle of 0.2 × 0.2 in the center with ini-
tial velocity of (0.5, 0.0) (example a) or (0.5, 0.5) (example
b). The initial spacing of the particles is 0.02 and 2520
fluid particles are used in the simulation. A speed of
sound of 40 is taken and the time step is 0.001 second.

The pressure correction scheme is applied to the veloc-
ity fields successively, and no particle displacements
are executed. The value of the maximum divergence
and the sums of squared divergence for the particles are
provided in Table 1. As shown in Table 1 and Figure 1,
the divergences of the particles are reduced with each
pressure correction iteration. At the iteration 20, we
consider the computation has been convergent. Since
the practical velocity fields usually obtained are not
so extreme as in the examples, not so many iterations
are required. Usually, several times of the iterations
are enough. Also, as can be seen from the pressure
correction equations, the value of the velocity correction
is mainly determined by the product of sound speed
c and time step dt. With c = 5 and dt = 0.008 second,
exactly the same correction results are obtained, from
which a possibility of larger time steps is implied.

Pressure Distribution

Dam-break flow is an important problem in civil engi-
neering and has been frequently used in the analyti-

cal and experimental study. In the dam-break numer-
ical experiment, the free surface of the flow is high-
lighted. Here, two dam-break simulations are presented
to demonstrate the validation of the pressure correction
scheme. The initial height and width of water body are
2 m and 1 m, respectively and initial particle spacing is
0.02 m. In total 5000 fluid particles are used. All the con-
figurations of the two simulations are the same except
that the pressure correction scheme is used in the exper-
iment b. In Figure 2, the pressure fields are highlighted
with different colors. The highest pressure is represented
by purple color and the lowest with red color. In exam-
ple a, c = 10

√
2gH ≈ 62.6 m/second and the time step

dt = 8 · 10−5. In example b, c and the time step are taken
as 30 m/second and 2 × 10−4, respectively.

As shown from the Figure 2, without the pressure
correction, the pressure fields obtained are unphysically
noisy. With the pressure correction, the pressure noise
is significantly reduced and smoother pressure distribu-
tion is achieved. The fluid behaviors in both simulations
are generally very similar, since high speeds of sound are
employed. Both the results show good agreement with
the results presented in Reference [11].

Surface Tension

In order to demonstrate the validation of the smoothed
surface tension model, the evolution of an initially cube
shaped water drop under the surface tension effect with
zero gravity is studied. This is a classic testing case for
surface tension and has been frequently used.26,28 In the
simulation, the initial side length of cube is 0.005 m,
the initial spacing of the particles is 0.0002 m and about
12 K particles in total are used in the simulation. dt =
0.00005 second is taken. It takes about 0.3 second for one
time step of simulation.

The evolution of the particles is shown in Figure 3,
from which we can see that an oscillation of the shape
of the particle distribution is generated. As the energy is
damped by viscous and numerical dissipation, the par-
ticles are stable at a spherical shape, which takes a very

Example Value type Init Iter 1 Iter 5 Iter 20

a Max Div 9.65 3.60 1.26 0.34
Total Div 3046.93 855.23 153.64 17.22

b Max Div 12.70 6.00 1.56 0.38
Total Div 6215.94 1729.48 308.12 33.89

Table 1. Results of two examples in divergence experiment (maximum divergence (Max Div) and
sum of squared divergence (Total Div))
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Figure 3. Evolution of a drop initially in cube shape under effect of surface tension with zero gravity at times of 0.0 second,
0.0255 second, 0.0518 second, 0.0833 second, 0.114 second and about 2.0 second, respectively.

long time to achieve. The results show a good agreement
with the results of Reference [28].

Dam-break on a Wet Bed

Following Reference [11], the free surface flow of dam-
break on a wet bed is simulated. The water block is
initially with 0.45, 0.32, and 0.4 m in height, length, and
width, respectively. Initial water depth on the bed region
is 0.018 m. Initial spacing of the particles is 0.006 m and
totally about 267 k fluid particles are used in the simula-
tion. Here, the ideal gas equation is used. The time step
is 0.0005 second. It takes about 7.5 seconds for each time
step on average.

The free surface shape is the main focus of this simu-
lation. As reported in Reference [11], at the initial time,
there will be a mushroom shape in free surface. Then
two breaking waves enclosing voids will be generated.
As shown in Figure 4, all these features are well pro-
duced in our simulation. No visual volume decrease is
observed.

Dam-break Flow on Complicated
Topography

In the simulation, digital elevation model (DEM) data is
used to generate the terrain surface. Then a distance field

Figure 4. Free surface evolution of the dam-break on wet bed
at times of 0.0, 0.19, 0.34, and 0.72 second, respectively.
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Figure 5. Results of dam-break on complicated topography at times of 0.0, 0.5, 1.25, 2.9, 4.75, and 7.9 second, respectively.

is generated to enforce the solid boundary condition.24 A
small-scale simulation is performed here. The size of the
computation domain is 10 m in both horizontal directions
and the initial velocity of water body is 3 m/second. The
initial spacing of particles is 0.04 m and totally 330 k par-
ticles are used in the simulation. The time step is taken as
0.001 second. As shown in figure 5, when water interacts
with the terrain surface, violent breakage and fragmen-
tation occur. Wave propagation and reflection are well
produced. With the complicated topography, the present
SPH model performs well.

CASA 2009

Finally, just as shown in figure 6, a simulation of dam-
break with an obstacle in “CASA 2009” shape is carried

out. Since the results are rendered with orthographic pro-
jection, the obstacle is invisible at the beginning of the
simulation. When the water flows over the obstacle, vio-
lent breaking is produced. When the flow settles down,
the shape of the terrain obstacle becomes visible. The ini-
tial spacing of particles is 0.005 m and the time step is
0.0005 second. 310 K particles are used in the simulation.

Conclusions and Future
Work

In the paper, a pressure correction equation is proposed
for free surface flow. With the iterative pressure correc-
tion scheme, the pressure disturbance incurred by the

............................................................................................
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Figure 6. Results of “CASA 2009” simulation at times of 0.14,
0.34, 1.14, and 4.64 second, respectively.

EOS is reduced and no solution of pressure Poisson equa-
tion is required. As a result, more accurate and efficient
simulation is achieved. The improved SPH method has
been used in free surface and surface tension problem
simulation. The results demonstrate the validation of the
proposed pressure correction scheme.

Our ongoing work focuses on the further investigation
of numerical properties of the pressure correction scheme
and its applications to more fluid phenomena, such as
multi-phase flow.
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