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The representation of free-form surfaces by
sufficiently refined polygonal meshes has be-
come common in many geometric model-
ing applications where complicated objects
have to be handled. While working with tri-
angle meshes is flexible and efficient, promi-
nent difficulties arise from the lack of in-
finitesimal smoothness and the prohibitive
complexity of highly detailed 3D models.
In this paper, we discuss the generation of
fair triangle meshes that are optimal with re-
spect to some discretized curvature energy
functional. The key issues are the proper
definition of discrete curvature, the smooth-
ing of high-resolution meshes by filter op-
erators, and the efficient generation of opti-
mal meshes by solving a sparse linear sys-
tem that characterizes the global minimum of
an energy functional. Results and techniques
from differential geometry, variational sur-
face design (fairing), and numerical analy-
sis are combined to find efficient and robust
algorithms that generate smooth meshes of
arbitrary topology that interpolate or approx-
imate a given set of data points.
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There are several standard representations for sur-
face geometry, each of which is appropriate for spe-
cific tasks and operations. The most widespread rep-
resentation in geometric modeling applications are
parameteric surfacesF :Ω ∈ R2→ S∈R3, which
enable efficient point sampling by evaluating the
function F at arbitrary locations(u, v) ∈Ω. Spline
representationsare particularly useful due to their
intuitive shape control mechanism based on control
vertices that locally attract the surface and enable the
designer to generate and modify geometric models
by roughly sketching the intended surface [8, 18].
Point location and ray intersection computations are
more easily performed if a surface is given as a level
set

Sc=
{

[x, y, z] ∈R3| f(x, y, z)= c
}

of some spatial scalar fieldf : R3→ R (implicit sur-
faces). However, in this representation, shape con-
trol and evaluation are rather difficult since slightly
changing the functionf can have drastic effects on
the shape ofSc – including changes in the topology.
In engineering applications, it is often desirable to
represent surfaces as the outer skin of a solid object.
Such objects are typically constructed by combina-
tions of simple basic shapes like spheres, cones and
boxes (constructive solid geometryCSG). However,
the lacking shape flexibility of CSG objects makes
this technique inappropriate for sophisticated free-
form modeling applications.
Figure 1 shows typical examples for the various sur-
face representations. What is common to all of them
is the fact that – at some stage of their processing –
they are all converted into a triangle mesh represen-
tation. The samples on parameteric surfaces are con-
nected by edges and triangles [19], implicit surfaces
are extracted by the marching cubes algorithm [27],
and CSG objects are handled by uniformly tesselat-
ing the basic objects up to a prescribed resolution.
The reason thisdiscretizationis done is the effi-
cient way triangle meshes can be displayed by to-
day’s computer graphics hardware. Moreover, for the
sake of efficiency and robustness, many algorithms,
like milling path generation and FE simulation, are
preferrably performed on polygonal meshes. Hence,
polygonal meshes orexplicit surfaces1 can be iden-
tified as the most versatile general-purpose surface

1 We use the termexplicit surfacessince all vertices of a triangle
mesh have to be enumerated explicitly, and there is, in general,
no global rule how to compute their position otherwise.

The Visual Computer (2000) 16:142–158
c© Springer-Verlag 2000



L.P. Kobbelt: Discrete fairing and variational subdivision for free-form surface design 143

2a 2b

1a 1b

1c 1d

Fig. 1a–d.Various representations for surface geometry:
a Parameteric surfaces map a planar domain into space
(patches);b implicit surfaces are isosurfaces of scalar-
valued volume data;c CSG objects are defined by joining
or intersecting basic shapes;d triangle meshes provide
maximum flexibility and maximum efficiency. All mod-
els shown here have been converted for display and are
therefore represented by triangle meshes

Fig. 2a, b.A mesh model obtained by scanning a human
head:a noise artifacts are clearly visible in raw data;b
a smoother version of the same model. Although both
models areC0 surfaces,b has an apparently improved
distribution of discrete curvature

representation. Meshes provide maximum flexibility
since arbitrarily complex objects can be constructed
by simply putting together the triangles without hav-
ing to observe complicated mathematical continuity
conditions.
The two major difficulties with discrete and explicit
surface representations are the lacking infinitesi-
mal smoothness and the high complexity. Polygo-
nal models with several millions of triangles have

become commonplace since moderately priced 3D
scanning devices has become available. In order to
be able to handle the complexity of such meshes on
standard PCs and workstations, we have to apply
mesh decimation algorithms that reduce the num-
ber of triangles in a given model while minimally
changing its geometric shape [4, 11, 17, 23, 33, 35].
As a byproduct, such algorithms also generatehier-
archical representationsfor highly detailed meshes
and thus enable us to dynamically adapt thelevel of
detail to the available hardware resources and the
application-dependent quality requirements.
In this paper, we are concerned with the other central
problem, namely thesmoothnessof triangle meshes.
Although triangle meshes can never be smooth in
the narrower sense ofC1 continuity, there is an in-
tuitive notion of approximate smoothness ordiscrete
smoothness. Figure 2 shows two meshes that are both
C0, but the right one obviously is smoother than the
left one.
In the next section we present a more precise defini-
tion of discrete curvature. Smooth meshes are then
characterized by low discrete curvature. The opera-
tors by which curvatures can be computed on triangle
meshes lead to simple filter algorithms that improve
the smoothness of an existing mesh by moving the
vertices in order to minimize the discrete curvature
or its variation. Applying suchdiscrete fairingalgo-
rithms on various levels of a hierarchical mesh repre-
sentation significantly accelerates their convergence.
By combining variational methods from CAGD with
the classical subdivision paradigm where surfaces
are computed by iteratively generating a sequence of
finer and finer meshes, we define the so-calledvaria-
tional subdivision schemesthat enable the construc-
tion of high-quality meshes with minimum discrete
curvature and arbitrary topology. Finally, we discuss
how to integrate boundary conditions into the opti-
mization problem and enumerate some application
areas.

2 Discrete smoothness

Triangle meshes are piecewise linear surfaces. Hence
they cannot be infinitesimally smooth unless they are
planar. However, if the vertices of a triangle mesh are
samples from a smooth continuous surface, then we
can approximate that surface increaslingly closely
by refining the mesh. The sequence of meshes gen-
erated during this process converges to the smooth
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Fig. 3. For the construction of the local divided difference operators at a specific vertexp0, we have to find parameter
values(ui , vi ) for the direct neighborspi in order to solve the local interpolation problem

Fig. 4. Projecting the adjacent neighborspi of a vertex p0 onto an estimated tangent plane yields parameter values
(ui , vi ) for a local parameterization that is isometric at(u, v)= (0, 0); that is, the discrete first fundamental form is the
identity

limit surface. Hence, they are said to beasymptot-
ically smooth. This definition is used to rate the
smoothness of stationary subdivision schemes and
the expected quality of meshes generated by their
iterative application [7, 32, 41].
However, in most applications we are not dealing
with infinitely refined meshes. We have to derive
a discrete approximation of the curvature that mim-
ics the properties of the corresponding definitions in
differential geometry. Namely, we are interested in
finding discrete versions of the first and second fun-
damental forms because this enables us to transfer
the known concepts from the continuous to the dis-
crete setting.
In numerical analysis, discrete approximations of
derivativesare usually obtained by applyingdivided
difference operators. If the values of a function are
only known at discrete sample points, then deriva-
tives are estimated by computing a low-degree poly-
nomial interpolant to the data points and evaluat-
ing its derivatives. The idea behind this construc-
tion is that the polynomial interpolant certainly is
a good approximation to any smooth surface passing
through the data points. Hence the leading coeffi-
cients of their local Taylor expansions will not differ
very much.
In geometric modeling we are not dealing with func-
tions, but more generally with surfaces. A triangle
mesh typically comes without canonical parameter-
ization. In order to derive divided difference oper-
ators, we first have to find parameter values for the

mesh vertices. In general, this is a difficult problem
if certain quality requirements for the parameteriza-
tion have to be satisfied [28]. In our case, however,
the problem is less difficult since we only needlo-
cal parameterizations for the construction of divided
difference operators.
Assuming we want to computesecond-order partial
derivatives, then we have to compute aquadratic
local interpolant. The interpolation problem is well
defined if we have six independent interpolation con-
ditions. This means that in order to compute the
second-order derivatives at some vertexp0 in the
mesh, we have to assign parameter values to it and
to at least five other vertices in the vicinity. For
symmetry reasons, we usually take all neighboring
vertices that are directly connected top0. If the
valence ofp0 is higher than five, we compute an
optimal quadratic approximant in the least-squares
sense. If the valence is lower than five we can ei-
ther compute a least-norm solution or use a larger
neighborhood.
Let p1, . . . , pn be the neighbors ofp0. We assign
the parameter values(ui , vi ) to pi (cf. Fig. 3). With-
out loss of generality, we assume that(u0, v0) =
(0,0). The linear Vandermonde system for the (least
squares) interpolating polynomial

F(u, v)=F+u Fu+v Fv+ 1

2
u2 Fuu+u v Fuv

+ 1

2
v2 Fvv
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is given by
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Fu
Fv
Fuu
Fuv
Fvv

 =


...
pi − p0
...

 ,(1)

where we exploit the fact thatF = p0. If we denote
the matrix in (1) byV, then the least-squares solution
is given by

Fu
Fv
Fuu
Fuv
Fvv

= (VT V)−1 VT


...

pi − p0
...

 .
The rows of the matrixD = (VT V)−1 VT are the
coefficients of the divided difference operators.
Obviously there are many degrees of freedom in
the choice for the parameter values(ui , vi ), and
the remaining question is whether there are specific
choices that are optimal in some sense.
The simplest way to define the values(ui , vi ) is by
uniform parameterization

(ui , vi ) = (cos(2π i/n), sin(2π i/n)) .

The advantage of this choice is that the matrixD
depends only on the valencen of p0. Hence, the co-
efficients for the divided difference operators can
be computed in advance for each possible valence
n= 3,4, . . .
However, from scattered data interpolation tech-
niques, we know that the uniform parameterization
often leads to rather poor interpolating polynomials.
The approximation of the data can be improved by
adapting the parameterization to the spatial configu-
ration of the verticespi . Moreover, when rating the
smoothness or fairness of a triangle mesh, we are not
so much interested in partial derivatives with respect
to some arbitrary parameterization as in finding ap-
proximations of the principal curvaturesκ1 andκ2
or their combinationsT = κ2

1+κ2
2 (total curvature),

H = κ1+κ2 (mean curvature), orK = κ1 κ2 (Gaus-
sian curvature).
A well-known theorem in differential geometry is
that T, H, and K are simple (linear or quadratic)
combinations of the second-order partial derivatives
if the parameterization isisometric. This means that
both tangent vectorsFu andFv have unit length and
are perpendicular to each other. In general, there is

Fig. 5. Locally adapted divided difference operators can
be used for precise curvature analysis of polygonal mesh
models. This enables direct surface interrogation on dis-
crete data without reverse engineering of CAD models

no isometric global parameterization for surfaces un-
lessK ≡ 0 everywhere.
For the derivation of the divided difference opera-
tors, however, we need a consistent parameterization
only in a small neighborhood of each vertex. We
can choose these local parameterizations indepen-
dently of each other because we construct a custom-
tailored set of divided difference operators for each
vertex. This means that we can assign different pa-
rameter values to the same vertex if local parame-
terizations are overlapping. Since the Taylor coeffi-
cientsFuu, Fuv, andFvv are evaluated at the center
point F(0,0) = p0, we tune each local parameteri-
zation so that it becomes approximately isometric at
(u, v)= (0,0).
There are several heuristics to find such a parameter-
ization. The simplest one is to estimate a normal vec-
tor n0 at p0 and then project the neighboring vertices
pi onto the corresponding tangent plane (cf. Fig. 4).
The projected pointsp′i are represented with respect
to an orthonormal basis at the originp′0= p0. Usu-
ally this basis is found by normalizingu0= p′1− p0
andv0= u0×n0.
Another heuristic that does not even require estimat-
ing a normal vector is thediscrete exponential map
that emerges from a local parameterization in polar
coordinates [40]. The parameter values are defined
as

(ui , vi ) = hi

cos

 i−1∑
j=1

α j

 , sin

 i−1∑
j=1

α j

 ,
wherehi is proportional to the edge length‖pi − p0‖
(geodesic distance) and the angleα j is proportional
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to the angle∠(p j , p0, p j+1) such that

n∑
j=1

α j = 2π.

All these heuristics uniquely define the parameter
values(ui , vi ) up to rotations around the origin in the
parameter plane. However, it turns out that, although
the second-order partial derivatives (and hence the
second fundamental form) depend on the orientation
in the parameter plane, the curvature valuesH, K ,
andT do not (rotation invariance) [1]. Consequently,
we can arbitrarily choose the orientation, e.g., by
forcing(u1, v1) to lie on theu-axis.
One immediate application of the discrete curvature
estimation on meshes is the detection and visual-
ization of surface artifacts. When real objects are
scanned or mechanical deformation processes are
simulated numerically, the resulting surface geome-
try is often given as a mere polygonal mesh with no
additional shape information.Reverse engineeringis
necessary to obtain a continuous representation on
which curvature analysis can be done.
With the divided difference operators available, we
can plot the color-coded discrete curvature directly
on the given mesh and thesurface interrogationcan
be performed without reconstructing a full-size CAD
model.
Figure 5 shows a typical mesh for finite element anal-
ysis. The color-coded mean curvatureH is plotted
directly on the mesh so that cylindrical and flat re-
gions are clearly visible due to constant color.

3 Discrete fairing

Once we know how to compute curvatures on tri-
angle meshes, the next step is to use this informa-
tion for optimizing the fairness of a given mesh by
reducing its curvature or the variation of its curva-
ture.
A standard measure for the global surface quality in
geometric modeling is the thin-plate energy [30, 34]:

E(S) =
∫
S

κ2
1+κ2

2. (2)

This geometric functional is rather difficult to han-
dle and is usually approximated by its “linearized”

version

E(S) ≈
∫
Ω

F2
uu+2 F2

uv+ F2
vv, (3)

where the quality of the total curvature’s approxi-
mation by the squared second partial derivatives de-
pends on how strongly the actual parameterization
F(u, v) deviates from an isometric parameterization.
The effect of this approximation error on the result-
ing minimum energy surface is very difficult to es-
timate. If we are using polynomial splines, then the
functional of (3) can obviously be evaluated exactly.
Even for subdivision surfaces that emerge from gen-
eralized B-spline subdivision, the value of (3) can be
computed from the given control mesh [16, 29].
In the discrete setting, the integral can be approxi-
mated by a weighted sum over all vertices (quadra-
ture formula) and the partial derivatives are approxi-
mated by divided differences:

E(S)=
∑

i

ωi


∑

j

αi, j pi, j

2

+2

∑
j

βi, j pi, j

2

+
∑

j

γi, j pi, j

2
 . (4)

Here,pi, j are the neighbors of the vertexpi , andαi, j ,
βi, j , andγi, j are the coefficients of the second-order
divided differences atpi , which are obtained by solv-
ing the local interpolation problem. The weight co-
efficientsωi represent the discrete surface element,
i.e., their sizes are proportional to the surface area
that is associated with the corresponding vertexpi .
A good choice forωi is the sum of the adjacent trian-
gles’ areas (constant factors do not matter).
The important advantage of the discrete functional
in (4) is that the local divided difference operators
can be constructed with respect to locally isometric
parameterizations while the continuous functional of
(3) requires a global (or at least patch-wide) param-
eterization. In the discrete setting, the original func-
tional of (2) is properly sampled and the approxima-
tion (of the functional) can be improved by reducing
the sample step width, i.e., by refining the mesh. In
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Fig. 6a–e.The triangle mesh (a) is to be interpolated by a surface which minimizes the thin plate energy. First the geometric
functional is approximated by the continuous quadratic functional with respect a uniform parameterization that ignores the
unequal distribution of interpolation points. Consequently the resulting surface (b) has a rather uniform distribution of mesh
vertices. The surface (c) is optimal but with respect to thewrongfunctional! For the surface (e) we have used a parameteriza-
tion that adapts to the given surface’s metric. Therefore we compute the divided differences with respect to locally isometric
parameterizations, and the approximation of the true functional is much better. The vertex distribution on the mesh (d) is
similar to the distribution in the original mesh

the continuous setting, the approximation error be-
tween (2) and (3) cannot be reduced by refining the
spline space since this does not change the planarity
of the parameter domainΩ, which is the source for
the distorsion of the parameterization (or nonisome-
try) [12]. Figure 6 demonstrates the effects resulting
from the difference between both types of approxi-
mation.
The functionalE(S) is quadratic in every vertex,
and its partial derivatives are linear expressions.
The unique minimum ofE(S) is found if all partial
derivatives with respect to the vertices vanish. We
find

∂E(S)

∂ pi
=
∑

k

wi,k pk
!= 0, (5)

where the sum in fact ranges over all direct neighbors
of pi and alltheir neighbors (2-ring neighborhood)
because all otherwi,k vanish.
Equation (5) is one row of a large linear system
whose solution is the minimum energy mesh. The
number of rows in this linear system equals the num-
ber of vertices that can be moved freely in order to
reduce the global energy. The system is sparse since
in every row only the entries corresponding to ver-
tices in the 2-ring neighborhood do not vanish.
The easiest way to solve such a system is by an it-
erative algorithm like the Gauß-Seidel scheme. We
solve each row for the diagonal element

pi = − 1

wi,i

∑
k6=i

wi,k pk, (6)

which yields a local update rule. By repeatedly cy-
cling through the vertices and applying the update
rule, the discrete thin plate energy (4) is iteratively
reduced.
As we discuss in Sect. 6, we additionally have to
define proper boundary conditions for the optimiza-
tion problem since otherwise the mesh will collapse
eventually.
Ignoring this fact, we can still apply the Gauß-Seidel
update rule like a linear filter operation in order to re-
move high-frequency noise from the mesh data. The
reason this works is that the special spectral proper-
ties of the iteration matrix imply that convergence is
fast in high-frequency subspaces and rather slow in
low-frequency subspaces. The noise that affects ev-
ery other vertex in the mesh is removed after a few
iterations, while larger features are more or less pre-
served. Intuitively, this behavior can be explained by
the observation that the local update rule effectively
reduces the curvature by considering only a small
portion of the mesh, while such changes propagate
very slowly to more distant mesh regions.
Notice that, although the global convergence of
the iterative scheme is slow, we still observe slight
changes in the global shape: the application of the
update rule as a mere filter operation causes a global
shrinking effect [36]. This cannot happen if proper
boundary conditions are imposed.
In the heuristics given, we use the geometric constel-
lation of a vertexpi and its neighborspi, j to derive
a locally isometric parameterization. Since this con-
stellation changes during the iterative updating, it
seems reasonable to update the local parameteriza-
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tion also. Assuming that the current mesh is always
the best-known approximation of the optimal mesh,
it might make sense to estimate the local surface met-
ric based on this information.
However, besides the high computational costs
for repeatedly recomputing the coefficients of the
divided difference operator, the major argument
against this strategy is the instability of the result-
ing scheme. If we change the parameterization after
every iteration, we in fact also change the underly-
ing energy functional that is to be minimized. Hence,
there is no reason to assume that the iteration will
ever converge.
Since each asymmetry in the neighborhood of a ver-
tex pi is balanced by adapting the local param-
eterization, the energy functional’s gradient im-
plies that no force component is actingwithin the
tangent plane. Consequently, the resulting nonlin-
ear system becomes unstable because vertices can
move freely on the surface. For example, a sphere
is a surface with minimum curvature variation. If
we have a mesh with vertices lying on a sphere,
then we obtain the same curvature estimate for
each vertex (under the assumption that the local di-
vided difference operators are properly adjusted).
Allowing the parameterization to be updated dur-
ing the iteration leads to a situation where the ver-
tices can flow freely on the sphere. Some authors
have tried to cope with this problem by restruc-
turing the mesh. That is to say, edges are flipped
when the local triangle distortion violates some up-
per bound [40], but this is not appropriate in many
applications.
In order to stabilize the optimization problem, we
have to apply the iterative mesh filtering with di-
vided difference operators being constructed once
for a fixed parameterization. The difficulties with
this fixed parameterization emerge from the fact that
we have to estimate the surface metric of the re-
sult a priori. In practice, it turns out that the heuris-
tics of Sect. 2 lead to satisfactory results. In Sect. 5
we come back to this issue in a slightly different
context.

4 Multilevel smoothing

Although the update rule of (6) works as an effective
filter operation to remove high-frequency noise from
a given mesh, its global convergence is rather slow.
A standard technique in numerical analysis to deal

with such situations is a multilevel approach where
the same optimization problem is solved on differ-
ent levels of detail in order to accelerate the global
convergence [14]. The idea behind this approach is
that iterations on coarse levels are cheap, hence a fea-
sible solution can be obtained. This coarse-scale so-
lution is prolonged in order to find a good start-
ing configuration for the iterative solver on the next
finer level. The prolongation operator is designed so
that the error on the finer level is mostly high fre-
quency and can be reduced effectively by the up-
date rule. We can mimic this behavior in our mesh-
filtering setting by applying the Gauß-Seidel update
rule of (6) to a hierarchical representation of the
mesh.
For an arbitrary mesh, a hierarchical structure
emerges from the application of a mesh decimation
algorithm. In [24] a sequence of nested unstruc-
tured meshes is generated by successively remov-
ing vertices from a given mesh by edge collapses
(fine-to-coarse hierarchy). Starting on a coarse scale,
we can reconstruct finer resolutions (and eventually
the original mesh) by applying the inverse opera-
tions (vertex splits) in reverse order (progressive
meshes) [17].
There are various ways to define distinct levels of
resolution within the continuous spectrum of resolu-
tions provided by a progressive mesh representation.
We combine subsequences of vertex-split operations
or edge collapses into upsample and downsample
macro operations. Criteria for the distinct levels can
be the exponential growth in complexity by a certain
factor, the removal or insertion of an independent
set of vertices, or a specific average edge length on
each level of detail. Here, a set of vertices is said
to be independent if the neighborhoods that are af-
fected by the corresponding collapse operations are
disjoint.
A complete V-cycle multilevel algorithm consists
of the following operations: therestriction operator
maps the original data to a coarser level, theiterative
solverapproximates the solution by running several
Gauß-Seidel update cycles on the coarse mesh, the
prolongation operatorreconstructs the original fine-
mesh topology, and some more update iterations on
the fine mesh yield the final result. Notice that the
restriction and prolongation can run over several re-
finement levels.
When using this technique in the context of mesh
filtering, we can exploit the typical convergence be-
havior of the Gauß-Seidel update for the design of
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Fig. 7a–f. The effect of the V cycle multilevel smoothing. The original bunny data set is shown(a). If we apply the
smoothing update operator, we obtain the result ind. Only the highest-frequency noise is removed because the con-
vergence on lower-frequency bands is too slow. We can apply mesh decimation or restriction, to switch to coarser levels
of detail (a–c). Alternating mesh smoothing and reinsertion of the vertices yields the surfaces ind–f. All meshes (d–f)
have the same connectivity. Notice how the degree by which information is removed corresponds to the coarseness of
the base mesh in the V-cycle scheme (a–c)

sophisticated geometric low-pass filters. The sched-
ule of these filters is similar to the V-cycle algo-
rithm. We first apply mesh decimation to the given
mesh until all the detail that is to be filtered is
removed. On this level of detail, we start alternat-
ing the reinsertion of vertices by vertex splits and
the iterative mesh smoothing by Gauß-Seidel up-
dates. Since, on each level, the highest-frequency
noise is removed, we eventually end up with a mesh
that has the same connectivity as the original one,
but with the geometric detail removed (cf. Fig. 7).
In [13] this generalized notion of signal process-
ing for triangle meshes is investigated in more
detail.

5 Variational subdivision

In the previous section, we discuss the situation
when a fine triangle mesh is given and discrete fair-
ing techniques are applied to improve its quality.
A rather different set-up in free-form modeling is
the scattered data interpolation problem, where only
a few points in space are given and a smooth in-
terpolating surface is sought. The topology of the
interpolating surface is usually part of the input data.
The given data points usually come as the vertices of
a coarse triangle mesh, and we want to generate a re-
fined mesh with the same topology that interpolates
or approximates the original points.
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5.1 Subdivision operators

The most effective technique in the context of geo-
metric modeling with polygonal meshes is the use
of subdivision schemes. A subdivision scheme is
given by a set of rules to refine a polygonal control
mesh. By iteratively applying these rules, we gener-
ate a sequence of meshes that eventually converge
to a smooth limit surface (cf. Fig. 8). This technique
is very similar to the knot-insertion operation for
spline surfaces [25]. Inserting a knot line into the
spline representation of a surface requires the com-
putation of new control vertices according to simple
rules (linear combinations of old control vertices). It
is well known that the control meshes converge to
the spline surface if the knot lines eventually become
dense [31].
Subdivision schemes are a generalization of knot in-
sertion in the sense that the refinement rules of a sub-
division scheme can be applied to arbitrary meshes,
i.e., the tensor-product regularity of spline control
meshes is not required. This enables the generation
of surfaces with arbitrary topology, and not only tri-
angular or quadrilateral patches.
The subdivision operator always consists of two
parts. The first is a topological split operation by
which new control vertices are inserted into the
mesh. The split operation is chosen to beuniformso
that all new vertices are regular and the number of
extraordinary vertices in the refined meshes is con-
stant (subdivision connectivity). The second part is
a smoothing operator, which moves the control ver-
tices according to weighted averages of neighboring
vertices. The weights of the smoothing rule usually
depend on the valence of the vertices only. In Fig. 9
a typical sequence of meshes generated by this pro-
cess is shown. This type of subdivision operator is
said to bestationarysince the same rule is applied in
each step of the iterative refinement.
There are two major classes of subdivision schemes.
One class is theinterpolatoryschemes that do not
change the position of the old vertices (the refined
mesh always interpolates the coarser one). For in-
terpolatory schemes, the limit surface interpolates
all intermediate control vertices. The other class is
thenon-interpolatoryschemes where all vertices are
shifted by the smoothing operator. In this case, the
limit surface only approximates the control vertices
(cf. cubic spline curves and their control polygon).
For all important settings, i.e., interpolatory/non-
interpolatory and triangle meshes/quadrilateral

8a 8b 8c

9a 9b 9c

9d 9e 9f

Fig. 8a–c. Subdivision schemes can be applied to arbi-
trary meshes. The advantages of spline surfaces (built-in
smoothness and intuitive local shape control by control
vertices) are preserved with the additional flexibility that
smooth surfaces with arbitrary topology can be generated

Fig. 9a–f. A sequence of meshes generated by a station-
ary subdivision scheme. We alternately apply the split
operator and the smoothing operator from left to right

meshes, there are stationary subdivision schemes
that generateC1 continuous limit surfaces [2, 5, 6,
21, 26, 42]. However, in terms ofsurface fairness,
the globalC1 continuity is sometimes not sufficient.
This is why, in sophisticated geometric modeling
applications, the quality of the surfaces is usually
measured by some physically based global energy
functional [3, 15, 30, 34, 39].
We can combine the two techniques, i.e., the high-
quality surface generation by energy minimiza-
tion (variational modeling, fairing) and the gener-
ation of surfaces with arbitrary topology by sub-
division schemes, in the following way. Instead of
using the fixed smoothing rules of stationary sub-
division schemes, we place the vertices in the re-
fined mesh so that a global energy functional is
minimized [20, 22, 37, 38]. Since otherwise the al-
gorithmic structure of subdivision schemes is pre-
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served, we call such algorithms:variational subdivi-
sion schemes.
As we discuss in the previous section, global energy
minimization requires the solution of a sparse linear
system. Hence the refinement operator of a varia-
tional subdivision scheme consists of a splitting step
that introduces new degrees of freedom for the op-
timization, and the stationary smoothing operator is
replaced by the Gauß–Seidel update rules of an iter-
ative solver. As each Gauß–Seidel step merely com-
putes a linear combination of nearby vertices, the
computational complexity of variational subdivision
schemes is not significantly higher than that of sta-
tionary schemes if the number of Gauß–Seidel itera-
tions is bounded (in fact, a constant factor).
In contrast, the alternating splitting step and Gauß–
Seidel iteration can be considered as a multilevel al-
gorithm for solving the optimization problem on the
finest resolution level. Variational subdivision is an
efficient method for computing meshes with mini-
mum discrete curvature energy.
In order to guarantee that the resulting fine mesh
interpolates the originally given vertices, the Gauß–
Seidel updates must not be applied to those vertices
that already belong to the initial mesh. All other ver-
tices are allowed to move in every step of the varia-
tional refinement scheme. A variant of the variational
refinement schedule is to apply the update rule only
to those vertices that are inserted in the current step
of the iterative refinement. If all others are kept fixed,
then this variant acts like an interpolatory subdivi-
sion scheme. Obviously, the variant that movesall
vertices that are not part of the initial mesh leads
to a superior mesh quality. Nevertheless, the conver-
gence can be accelerated if only the new vertices are
moved on every refinement level.
Keeping several vertices fixed during the iterative en-
ergy minimization prevents the mesh from shrinking
and collapsing. This is important because the iter-
ative solver does not converge to a non-degenerate
solution if no proper boundary conditions are set.
A more detailed discussion on boundary conditions
can be found in Sect. 6.

5.2 Local parameterization

The remaining open problem in the definition of
a variational refinement scheme is to find a local
parameterization for each vertex in order to com-
pute the coefficients of the local divided difference

operators. In the simplest case, we choose the uni-
form parameterization and precompute the weight
coefficients for all possible valences (umbrella algo-
rithm [24]). This is possible since the use of a uni-
form split operator for the mesh refinement leads to
meshes with subdivision connectivity where all but
the original vertices are regular (i.e., have a valence
of 6).
The situation is more difficult if we want to apply
the more sophisticated heuristics that lead to ap-
proximately isometric local parameterizations. The
difficulties arise from the fact that we cannot take
the spatial configuration of the neighboring vertices
into account because there is no canonical starting
position for the newly inserted vertices. We cannot
project the neighborhood onto an estimated tangent
plane or compute length and angles in the parameter
domain. One way to get around this problem would
be to compute a tentative solution, e.g., by using uni-
form parameterization. Based on this solution, a bet-
ter parameterization could be estimated. However,
adapting the parameterization to the last iteration’s
solution leads to instability of the iterative algorithm
as pointed out at the end of Sect. 3.
A feasible solution to the parameterization problem
has to estimate the local parameterization without
knowing the actual positions of the vertices. In [22]
a solution to this problem is based on the following
considerations. First, in a subdivision connectivity
mesh there are three classes of vertices.Extraordi-
nary verticescorrespond to the vertices of the origi-
nal mesh,edge verticestopologically lie on an edge
of the original mesh andface verticeslie somewhere
in the interior of an original triangle. Due to the local
regularity or semiregularity of subdivision connec-
tivity meshes, we can find associatedtemplatesfor
local parameterizations (cf. Fig. 10).
In the neighborhood of a face vertex, the parameter
values can be sampled from an affine grid. This is
natural since subdivision meshes are regular within
the original base triangles. This reduces the de-
grees of freedom to three (two angles and one edge
length). For edge vertices, a natural parameterization
is piecewise affine, i.e., affine over the three triangles
belonging to the one or the other adjacent base tri-
angle. Hence, there are only five degrees of freedom
(four angles and one edge length). Finally, for the
extraordinary vertices, arbitrary parameterizations
are allowed since we cannot make any assumptions
about their valence or the spatial configuration of
their neighbors.
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10a 10b 11

Fig. 10a, b.In a subdivision connectivity mesh, the neighborhood of a face vertex always has the structure of an affine
grid while the neighborhood of an edge vertex looks like two affine grids meeting along a straight line (a). Only the
neighborhood of the extraordinary vertices (b) has all degrees of freedom for the local parameterization

Fig. 11. A local parameterization for an extraordinary vertex can be extrapolated to obtain a semiregular parameteri-
zation for the whole parameter plane (crystal seed). This parameterization is piecewise affine in each sector. Thus, the
induced parameterizations for the neighboring vertices match the corresponding template definitions and can be used
for the blending operation

When setting up a variational subdivision scheme,
we start with the initial (coarse) mesh where all ver-
tex positions are given since they provide the in-
terpolation constraints for the optimization problem.
We can estimate a local parameterization for each
of the original vertices by using one of the heuris-
tics leading to local isometry (e.g., projection into
the tangent plane or exponential map parameteriza-
tion). The crucial idea is then to define the local pa-
rameterizations for the edge and face vertices (which
are inserted during the split operation) byblend-
ing the parameterizations of the nearest extraordi-
nary vertices. The motivation for this approach is the
notion that, for smooth meshes, the distribution of
the uniform samples within one base triangle should
be as equal as possible. Thus, the difference be-
tween neighboring parameterizations should become
smaller on higher refinement levels.
A priori, the blending operation for local parame-
terizations is not well defined, but since we use the
templates for the edge and face vertices, we can
simply blend the free parameters (angles and edge
lengths) to obtain parameterizations for the interme-
diate vertices.
The local parameterization for the extraordinary ver-
tices acts as a crystal seed that uniquely defines
affine and bi-affine parameterizations for each sec-
tor in its vicinity (cf. Fig. 11). We can use the
template parameters of these prototypical parame-

terizations and do barycentric blending along base
mesh edges and across base mesh triangles (cf.
Fig. 12).
Variational subdivision schemes can be implemented
very efficiently. Besides the iterative application of
the Gauß–Seidel update rules, there is a small over-
head for the computation of the divided difference
coefficients. This has to be done only once for each
vertex since the local parameterization of a coarse-
scale vertex does not change on higher refinement
levels.
As the alternating refinement and smoothing corre-
sponds to a multilevel algorithm for solving the opti-
mization problem on the finest level, only a constant
number of Gauß–Seidel iterations is necessary on
each intermediate level. This leads to computational
costs that are linear in the number of triangles of
the resulting mesh. In our current implementation of
variational subdivision, we generate about10 K4 /s
on a250 MHzR10K SGI workstation.

6 Boundary conditions

Variational subdivision schemes generate smooth
meshes that interpolate the originally given vertices
of the initial base mesh. The underlying discrete op-
timization problem becomes well posed because the
interpolation conditions make its solution unique. In
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Fig. 12.Defining local parameterizations by blending along a base edge. The local parameterizations of the two extraor-
dinary verticesp andq induce bi-affine parameterizations for their direct neighborsp̄ andq̄. The template parameters
of these parameterizations(ap,bp) and(aq,bq) can be used for weighted blending along the base edge that connects
p andq. The coefficients(ar ,br ) then define the local parameterization for the vertexr = (1−u) p+u q. The same
technique can be used for the face vertices in the interior of a base triangle where we use barycentric weights for the
blending

the more general setting of discrete fairing in Sect. 3,
we do not explicitly solve optimization problems,
but merely apply the Gauß–Seidel update rules as
low-pass filters to the mesh. By exploiting the spe-
cial convergence behavior of these operators, we
can derive effective low-pass filters with adjustable
pass-band frequency. However, in terms of mesh op-
timization, the proposed algorithms do not make any
sense if the underlying optimization problem is ill
posed.
In order to turn the heuristic mesh filtering into an it-
erative algorithm for solving a well-posed optimiza-
tion problem, we need to impose inhomogeneous
boundary conditions. In the context of geometric
modeling, the typical boundary conditions are inter-
polation constraints for surface points and/or normal
vectors.
In the global linear system characterizing the optimal
mesh, each constraint provides another row. The triv-
ial case is the interpolation of a pointP in space by
some mesh vertexpi . Here, an additional row

(. . . ,0,1,0, . . . )


...
pi
...

 = P (7)

is added as thei th row into the global system. In
the Gauß–Seidel algorithm, this constraint is sat-
isfied by simply skipping the update ofpi when
cycling through the mesh vertices. If the pointP
is to be interpolated in theinterior of a triangle
T =4(pi , p j , pk), we have to specify the interpola-
tion condition by barycentric coordinatesα, β, and
γ within the triangleT. The resulting row for the
global system is

(. . . , α, . . . , β, . . . , γ, . . . )


...
pi
p j
pk
...

 = P.

In practice, it can be observed that the iterative
solvers converge faster if the interpolation con-
straints are imposed within the interior of triangles
instead of at the vertices. For symmetry reasons, the
update steps for the three verticespi , p j , andpk are
combined. The three vertices are shifted in order to
re-establish the interpolation condition while alter-
ing the geometry of the mesh as little as possible. Let
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c be the correction vector

c = P−α pi −β p j −γ pk.

Then we distribute the correction among the three
vertices by

pi += α
α2+β2+γ2 c

p j+= β

α2+β2+γ2 c

pk+= γ

α2+β2+γ2 c

so that the mesh modification is minimal in the least-
squares sense (least-norm solution for the update
vectors). Notice that the three vertices are subject
to an energy-reducing update step induced by the
global energy functional. Therefore the interpolation
condition is violated during the energy minimiza-
tion and then re-enforced when the constraint is pro-
cessed. The symmetric treatment of the interpolation
constraint is necessary since the corresponding row
in the linear system might not be diagonally dom-
inant and the iterative solving algorithm might be-
come otherwise instable.
The interpolation ofnormal vectorsis most easily
achieved by freezing all three vertices of a triangu-
lar face. This imposes a positional and normal con-
straint on the mesh. Other formulations for normal
constraints based on the vanishing inner product of
mesh edges with the normal vector tend to make the
iterative solving algorithm unstable due to lacking
diagonal dominance.
In many applications, strict interpolation constraints
are not natural, and approximation constraints within
a prescribed toleranceεmake more sense, e.g., when
the input data is disturbed by noise. Instead of freez-
ing the position of some mesh vertices, we can im-
plementapproximation constraintsby projecting the
constrained vertices back to anε sphere around the
approximation points after every Gauß–Seidel iter-
ation. However, this simple approximation scheme
uses anisotropic error metric, which is too strict in
many cases.
If we assume the interpolating mesh to be locally flat
then the approximation error has to be measured in
the normal direction only (anisotropic error metric).
This provides more flexibility so that the mesh can
relax within the tangent plane. It mimics the effect
of the parameter correction in classical scattered data
interpolation [18].
For a given interpolation pointP with an (estimated)
normal vectorN, the approximation error is mea-

sured byE = |(pi − P)T N|. In case this error is
larger than the prescribedε, we projectpi back to
a plane that is parallel to the tangent plane:

pi −=
(
(pi − P)T N− ε

)
N.

Notice that, at the mesh boundaries, a different dis-
tance criterion has to be used since projecting the
approximation error onto the normal vector cannot
prevent shrinking effects for open surfaces.

7 Applications

With the effective and flexible techniques ofdiscrete
fairing and variational subdivision schemesavail-
able, we can use polygonal mesh representations for
various standard problems within the area of sophis-
ticated free-form surface modeling. The overall ob-
jective behind all the applications we are presenting
is the attempt to avoid, bypass, or at least delay the
mathematically involved generation of CAD spline
models whenever it is appropriate.
Especially in the early design stages (conceptual de-
sign), it is usually not necessary to have a spline
parameterization of a surface. The focus on polygo-
nal mesh representations might help to free the cre-
ative designer from mathematical restrictions. In the
later stages, the conversion into a spline model can
be based on more reliable information about the in-
tended shape. Moreover, since technical engineers
are used to performing numerical simulations on
polygonal approximations of the true model anyway,
we also might find shortcuts that speed up the turn-
around cycles in the design process for example, we
could alter the shape of a mechanical part by modi-
fying the FE mesh directly without converting back
and forth between different CAD models.

7.1 Scattered data interpolation

One area where the discrete fairing approach can be
applied is the filling of undefined regions in a CAD
model or in a measured data set. Of course, such
problems can be solved by fairing schemes based on
spline surfaces as well. However, the discrete fair-
ing approach allows one to split the overall (quite
involved) task into simple steps: we always start
by constructing a triangle mesh defining the global
topology. This is easy because noG1 or higher
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boundary conditions have to be satisfied. Then we
can apply the variational subdivision technique to
generate a sufficiently dense piecewise regular point
set on the objective surface. This part includes the
refinement and energy minimization, but it is al-
most completely automatic and does not have to be
adapted to the particular application. In a last step,
we can fit polynomial patches to the refined data.
Here we can restrict ourselves to pure fitting since
the fairing part has already been taken care of dur-
ing the generation of the dense data. In other words,
the discrete fairing has recovered enough informa-
tion about an optimal surface so that staying as close
as possible to the generated points (in a least-squares
sense) is expected to lead to high-quality surfaces.
Consider the point data in Fig. 13. The very sparsely
scattered points in the middle region make the
task of interpolation rather difficult since the least-
squares matrix for a locally supported B-spline
basis might become singular. To avoid this, fair-
ing terms have to be included into the objective
functional. This, however, brings back all the prob-
lems mentioned earlier concerning the possibly
poor quality of parameter-dependent energy func-
tionals and the prohibitive complexity of nonlinear
optimization.
Alternatively, we can connect the points to build
a spatial triangulation. Variational subdivision then
recovers the missing information under the as-
sumption that the original surface was sufficiently
fair. The uneven distribution of the measured data
points and the strong distortion in the initial trian-
gulation do not cause severe instabilities since we
define individual parameterizations for every ver-
tex when computing the divided difference coeffi-
cients. These enable to take the local geometry into
account.

7.2 Filleting and blending

Another standard problem in CAD is theblendingor
filleting between surfaces. Consider the simple con-
figuration in Fig. 14 where several plane faces (dark
gray) are to be connected smoothly. We first close
the gap with a coarse triangle mesh. Such a mesh
can easily be constructed for any reasonable con-
figuration with much less effort than a piecewise
polynomial representation. The boundary of this ini-
tial mesh is obtained by sampling the surfaces to be
joined.

13a 13b 13c

14

Fig. 13a–c. The original data (a) is very sparse in the
middle region of the object. Triangulating the points
in space and discretely fairing the iteratively refined
mesh recovers more information (b), which makes least-
squares approximation much easier. Reflection lines on
the resulting spline surface (c) are shown

Fig. 14. Creating a “monkey saddle” blend surface join-
ing six prescribed planes. Any blend surface can be gen-
erated by closing the gap with a triangle mesh first and
then applying variational subdivision

We then refine the mesh and, again, apply the dis-
crete fairing machinery. The smoothness of the
connection to the predefined parts of the geome-
try is guaranteed by letting the blend surface mesh
overlap with the given faces by one row of trian-
gles (all necessary point information is obtained
by sampling the given surfaces). The vertices of
the triangles belonging to the original geometry
are not allowed to move, but since they partici-
pate in the global fairness functional, they enforce
a smooth connection. As this corresponds to the dis-
creteC1 boundary constraints of Sect. 6 where points
and normals are fixed the discrete blending tech-
nique is able to solve the Hermite-type interpolation
problem.

7.3 Applications to multiresolution modeling

In [24] we describe how to use the discrete fairing
technique in the context of a multiresolution model-
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a b c d

Fig. 15a–d.A flexible metaphor for multiresolution edits. The original mesh is shown (a). Theblack linedefines the region of
the mesh that is subject to the modification; thewhite linedefines the handle geometry, which can be moved by the designer.
Both boundaries can have arbitrary shapes; thus, they can be aligned to geometric features in the mesh. The boundary and the
handle imposeC1 andC0 boundary conditions on the mesh. We find the smooth version of the original mesh by applying
discrete fairing while we observe these boundary constraints. The boundary and the handle are interpolated to obtain the result
of the curvature minimization (b). The geometric difference between the two meshes (a) and (b) is stored as detail informa-
tion with respect to loacal frames. Now the designer can move the handle polygon, which changes the boundary constraints
for the curvature minimization. The discrete fairing generates a modified smooth mesh (c) in this way. Adding the previously
stored detail information yields the final result (d). Since we can apply fast multilevel smoothing when solving the optimiza-
tion problem, the modified mesh can be updated with several frames per second during the modeling operation. Notice that all
four meshes have the same connectivity

ing tool that is able to process triangle meshes with
arbitrary connectivity. The central idea is to build up
multiresolution decompositions based on the hier-
archical representation of meshes. Since we do not
assume any special connectivity, the hierarchy has
to be built from fine to coarse by using a mesh-
decimation algorithm.
Standard multiresolution decompositions for meshes
that are based on stationary subdivision schemes re-
quire the fine mesh to have subdivision connectivity.
Starting on a coarse level of detail in such a de-
composition, we can either reconstruct the original
data by reinserting the detail information that has
been removed during decomposition or we can ap-
ply the plain stationary subdivision operator to ob-
tain a smoothed version of the original mesh. We call
the resulting representation acoarse-to-fine hierar-
chy since the coarsest base mesh completely deter-
mines the structure of all refinement levels.
For mesh hierarchies emerging from the application
of a mesh decimation algorithm, the nested levels of
detail are built from fine to coarse. The finest refine-
ment level is the original mesh, which can have arbi-
trary connectivity. The next coarser level is generated
by performing the decimation until a certain crite-
rion is met. The decimation is usually implemented
by edge collapses so that we can reconstruct the orig-

inal mesh by applying the corresponding vertex-split
operations in reverse order.
However, this technique only yields atopological
hierarchy with differently coarse levels of detail.
In the standard coarse-to-fine setting, the analogous
geometric hierarchywith differently smooth lev-
els of detail is obtained by applying the underlying
stationary subdivision scheme without detail recon-
struction. In the plain progressive mesh setting, we
can go from coarse to fine only by reinserting the pre-
viously removed vertices. This, however, necessarily
reconstructs the detail and does not provide geomet-
ric levels of detail.
In order to obtain true multiresolution semantics
on arbitrary meshes, we have to compute a geo-
metric hierarchy. For this we first reinsert the ver-
tices by vertex splits. Once the refined level of res-
olution is reconstructed, we apply discrete fairing
with all vertices from the coarser level fixed and
the new ones being allowed to move. Eventually,
this yields a mesh with the same connectivity as
the original one, but with the geometric detail re-
moved (cf. Fig. 7). This technique works since dis-
crete fairing can be applied to meshes with arbitrary
connectivity.
The geometric difference between the original mesh
and its smoothed version provides a multiresolution
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decomposition for arbitrary meshes. For reasonable
reconstruction of the detail after the global shape has
been modified (multiresolution modeling), we have
to encode the position of the original mesh’s ver-
tices relative to the local geometry of the smoother
mesh (local frames). Notice that simply storing the
difference between the original vertex position and
its position after the discrete fairing is not appropri-
ate since then the detail reconstruction can produce
shape artifacts if the tangent plane of the smooth
geometry changes [9, 10].
Based on this multiresolution representation for ar-
bitrary meshes, we implemented the flexible mesh
modeling tool,HUMID. Figure 15 shows the inter-
action metaphor that enables sophisticated modeling
operations in real time.

8 Conclusion

In this paper, we have given a survey of discrete fair-
ing and variational subdivision methods that com-
bine several powerful techniques for free-form sur-
face design. The major features are that good ap-
proximations for geometric curvatures can be com-
puted by using divided difference operators with re-
spect to local parameterizations, arbitrary topology
surfaces can be handled by adapting effective sub-
division techniques, and highly efficient iterative al-
gorithms for computing optimal meshes result from
generalizing multilevel methods to nested grids with
arbitrary connectivity.
This general technique can be used in all areas of ge-
ometric modeling and CAD/CAM where an approx-
imation of the actual surface by a reasonably fine
triangle mesh is a sufficient representation. If com-
patibility to standard CAD formats matters, a spline-
fitting postprocess has to follow the discrete surface
generation or modification. This fitting step can rely
on densely sampled information about the intended
shape if variational subdivision is used. Moreover,
the discrete fairing technique enables the generaliza-
tion of multiresolution modeling semantics to arbi-
trary connectivity meshes.
The problem of handling highly complex polygonal
meshes has not been addressed in this paper. In prici-
ple, we can either use mesh decimation techniques
to remove vertices and triangles in geometrically flat
regions of a surface or (in the context of subdivi-
sion techniques) we can avoid the exponentially in-

creasing complexity by applying adaptive refinement
techniques.
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