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Figure 1: Capillary instability of a liquid jet; liquid pouring on to a sphere; and bubbly water.
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At interfaces between different fluids, properties such as density,
viscosity, and molecular cohesion are discontinuous. To animate
small-scale details of incompressible viscous multi-phase fluids re-
alistically, we focus on the discontinuities in the state variables that
express these properties. Surface tension of both free and bubble
surfaces is modeled using the jump condition in the pressure field;
and discontinuities in the velocity gradient field, driven by viscos-
ity differences, are also considered. To obtain derivatives of the
pressure and velocity fields with sub-grid accuracy, they are extrap-
olated across interfaces using continuous variables based on physi-
cal properties. The numerical methods that we present are easy to
implement and do not impact the performance of existing solvers.
Small-scale fluid motions, such as capillary instability, breakup of
liquid sheets, and bubbly water can all be successfully animated.

CR Categories: I.3.5 [Computer Graphics]: Computational Ge-
ometry and Object Modeling—Physically based modeling; I.3.7
[Computer Graphics]: Three-Dimensional Graphics and Realism—
Animation

Keywords: Natural phenomena, multi-phase fluid, surface ten-
sion, viscosity, capillary instability, bubbly water
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Close-up scenes of splashing water have mysterious attractions. To
emphasize the luxurious image of their products in an advertise-
ment, to depict the tense atmosphere before the sword-fight in a
movie, or just to show off the performance of their brand-new digi-
tal camera, many people are trying to catch a moment of this beauty.

�e-mail: saden@korea.ac.kr
†e-mail: chkim@korea.ac.kr

Recently, the computer graphics community has made great ad-
vances in fluid animation, and we are taking one more step towards
small-scale realism.

All fluids in our environment are essentially multi-phase. This
means that property variables are discontinuous at the interfaces be-
tween different phases. The small-scale motion of fluids is strongly
influenced by these discontinuities. For example, the discontinuity
of molecular cohesion induces surface tension, which is the phe-
nomenon that smooths out liquid surfaces. It is an interesting fact
that surface tension is also responsible for the capillary instability
that can break up fluid into small droplets or bubbles. Similarly, dis-
continuity of density is the reason for Rayleigh-Taylor instability, as
well as for buoyancy; and the discontinuity of viscosity influences
the shape of air bubbles in water.

In this paper, we extend previous fluid simulation techniques
based on Eulerian grids [Stam 1999; Foster and Fedkiw 2001; En-
right et al. 2002; Losasso et al. 2004b] to incompressible viscous
multi-phase fluids, focusing on surface tension effects and viscos-
ity changes at both free surfaces and bubble surfaces, as well as on
buoyancy. This requires a robust treatment of discontinuities in the
pressure and velocity gradient fields. To differentiate them accu-
rately across interfaces, we deploy the ghost fluid method (GFM)
of Fedkiw et al. [1999], which was developed in computational
physics. In combination with the implicit representation of level-set
surfaces [Osher and Fedkiw 2002], GFM can treat discontinuities
accurately. Surface tension can be modeled using the jump condi-
tion in the pressure field, and discontinuities in the velocity gradient
field, driven by viscosity differences, can also be considered, per-
mitting sub-grid accuracy. Since the numerical methods derived
in this paper are formulated as simple modifications of previous
techniques, they are very easy to implement and do not influence
the performance of existing solvers. Our results show interesting
aspects of small-scale fluid motions such as capillary instability,
breakup of liquid sheets, and bubbly water.

� ������� ����

The first simulation of the fully three-dimensional Navier-Stokes
equation for animating liquids [Foster and Metaxas 1996] was
based on the marker and cell method [Harlow and Welch 1965]
from computational fluid dynamics. Foster and Metaxas [1996]
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Figure 2: The capillary instability of a liquid jet. The effective resolution is 643 by 25.

used explicit finite differencing for advection and viscosity, succes-
sive over relaxation (SOR) for pressure projection and incompress-
ibility, and massless marker particles for surface representation. Ex-
plicit integration methods were subsequently replaced by implicit
methods [Stam 1999] such as semi-Lagrangian advection and im-
plicit viscosity integration, which greatly increased the numerical
stability of fluid simulators both for liquid and gas, and made them
easier to implement. Later [Foster and Fedkiw 2001], SOR was
replaced by more efficient linear solvers, such as the conjugate gra-
dient method, and the particle-based surface representation was re-
inforced by implicit level-set surfaces, which greatly improved the
smoothness of liquid surfaces and their robustness under topolog-
ical changes. This hybrid surface representation was enhanced by
the particle level-set method [Enright et al. 2002], which has a much
improved mass conservation.

While free-surface animation techniques, in which the environ-
mental and enclosed air are ignored, have been extensively devel-
oped for liquid animation, the dynamics of multi-phase fluids have
received less attention. [Takahashi et al. 2003] reported a multi-
phase fluid simulator that handles liquid and gas simultaneously,
but gave no attention to the dynamic characteristics of liquid-gas
interactions. On the other hand, [Hong and Kim 2003] mainly fo-
cused on buoyancy and surface tension in their animation of bub-
bles in liquids. Although their results showed the interesting char-
acteristics of multi-phase fluids containing bubbles, it is not clear
that their heuristic implementation of surface tension is generally
useful. Furthermore, the effect of viscosity differences was not
considered, in spite of the large influence of viscosity on bubble
shapes. [Carlson et al. 2002; Rasmussen et al. 2004] used the varia-
tional viscosity method to handle thermal changes of viscosity, but
they did not consider the large changes that occur across interfaces.
More attention to the small-scale features of multi-phase fluid was
paid by [Song et al. 2005]. They demonstrated the characteristics of
enclosed air and modeled surface tension using the continuum sur-
face force model [Brackbill et al. 1992] that has been generally used
in computational fluid dynamics; but Song et al. commented that
surface tension effects were not visually significant in their work.
We believe that is because they replaced small-scale features by
undeformable particles instead of simulating them directly. Simi-
larly, [Greenwood and House 2004] used escaped particles within a
particle level-set method to represent air bubbles. A breakthrough
was made by [Losasso et al. 2004b], who animated the crown phe-
nomenon exhibited by milk by accurately simulating the surface
tension of free surfaces. They were able to use a sufficiently large
grid, for example 5123, so that they did not lose small-scale details.
However, neither surface tension in bubble surfaces nor viscosity
were considered. Their fluid simulator was based on an octree data
structure, which is also the basis of our work.

In computational physics, extensive studies have been under-
taken to simulate multi-phase fluids. For a good survey, we rec-
ommend [Tryggvason et al. 2001; Sussman 2003; de Sousa et al.
2004] and their references. Although it is difficult to evaluate the
techniques reported in those papers from the viewpoint of computer

graphics, we found that the work of [Kang et al. 2000] is most com-
patible with the liquid simulation techniques widely used in com-
puter graphics, such as the particle level-set method [Enright et al.
2002]. The methods used by [Kang et al. 2000] are motivated by
the ghost fluid method [Fedkiw et al. 1999], and developed using
the variable coefficient Poisson equation [Liu et al. 2000]. In com-
puter graphics, GFM has been used for physically based modeling
of fire [Nguyen et al. 2002].

Because of the different requirements of computational physics
and computer graphics, we have separated the pressure jump condi-
tion from the density and velocity gradient discontinuities. This is
much easier for computer graphics programmers to understand and
implement. Although we are approximating the accurate method
of [Kang et al. 2000], our techniques are powerful and robust in
animating multi-phase fluids with relatively coarse grids.
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The Navier-Stokes equation for an incompressible viscous fluid is

ut � ��u �∇�u�∇ � �ν∇u��
∇p
ρ

� f (1)

∇ �u � 0� (2)

where u � �u�v�w� is the velocity, ρ is the density, and ν is the
(kinematic) viscosity, which is the ratio between the absolute vis-
cosity μ and ρ . The term f can be used to add external forces such
as gravity, buoyancy [Fedkiw et al. 2001], surface tension forces
[Hong and Kim 2003; Song et al. 2005] and control forces [Treuille
et al. 2003; McNamara et al. 2004; Fattal and Lischinski 2004;
Hong and Kim 2004].

The numerical simulation of Equations (1) and (2) advances by
updating the value of u at the nth timestep, un, to un�1 during a
finite timestep Δt. Following Chorin’s projection method [Chorin
1967], we discretize Equation (1) by splitting it into two equations
with intermediate status u�:

u��un

Δt
� ��un �∇�un�∇ � �ν∇un�� f (3)

un�1 �u�

Δt
� �

∇p
ρ

� (4)

To obtain u� from un, we compute the advection term, ��un �∇�un,
using a semi-Lagrangian method [Stam 1999], and the viscosity
term, ∇ � �ν∇un�, using explicit finite differencing or an implicit
variable viscosity formulation [Carlson et al. 2002].

The final step is determining un�1 from u�. We can write the
divergence of Equation (4) as a form of Poisson’s equation1,

∇2p�
ρ
Δt
∇ �u�� (5)

1If ρ is spatially varying, Equation (5) is only an approximation, but one
that is necessary to decouple the pressure jump condition and the density
discontinuity.
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since Equation (2) tells us that ∇ �un�1 should be zero. Once the
pressure profile is determined by solving Equation (5), we can get
the final velocity profile:

un�1 � u��
Δt
ρ
∇p� (6)

Buoyancy can be implemented in a simple way by exerting buoy-
ant forces with the spatial constant ρ [Fedkiw et al. 2001], or more
accurately by allowing for the fact that ρ � ρ�x� in the solution of
Equation (4) [Song et al. 2005]. Since the modeling of buoyancy
is not new to the computer graphics community, we will focus on
surface tension and viscosity in Section 4. Instead of exerting con-
tinuous surface tension forces [Song et al. 2005] using f, we use the
discontinuity of p in solving Equation (5) to model surface tension
effects and thus obtain sub-grid accuracy. Viscosity change across
the interfaces is also taken into account in solving Equation (3).

One more topic to be considered is the interface tracking method.
We use a signed distance function, φ , to represent implicitly the
interfaces of two immiscible fluids, at least one of which is a liquid.
The advection of φ , driven by u, can be described by the level-set
equation:

φt �u �∇φ � 0� (7)

To solve Equation (7) numerically, we use the semi-Lagrangian par-
ticle level-set method [Enright et al. 2005].

Figure 3: The breakup of a liquid sheet. The effective resolution is
5123.
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We will now describe numerical methods to implement surface ten-
sion and viscosity changes at interfaces. Discontinuous variables
are extrapolated across interfaces using continuous variables based
on their physical properties. This is applied to both the pressure and
velocity field, to obtain accurate derivatives at interfaces. Examples
are provided in a single dimension for clarity. Extension to two or
three dimensions is straightforward.

��� �����	
 �
����

We will assume the existence of a pressure profile near the inter-
face Γ between two different, immiscible fluids. Using the signed
distance function φ to represent the geometry of the situation, Γ ex-
ists where φ � 0. As shown in Figure 4, surface tension causes
a jump J in pressure across Γ, and the magnitude of J is σκΓ.
At Γ, σ is the surface tension coefficient and κΓ is the curvature,
which can be determined by interpolating between the curvatures
κ � ∇ � �∇φ��∇φ �� of near nodes, using θκi ��1� θ �κi�1, since
κ is continuous across Γ due to the implicit surface representation.
When κΓ is positive, J is positive and vice versa.

The existence of the pressure jump induces a discontinuity in the
pressure at Γ, i.e. in Figure 4 the pressure of the left side of the

Figure 4: The discontinuous pressure field near an interface Γ.

interface, pLe f t
Γ , and the pressure of the right side, pRight

Γ , are dif-
ferent. This makes it difficult to differentiate p across Γ, in order
to discretize Equations (5) and (6) using standard finite differenc-
ing. Instead of resolving this problem by smearing out the pressure
profile at i� 1� i� i� 1� i� 2, we follow the implementation of the
variable coefficient Poisson’s equation in [Liu et al. 2000] to keep
the profile sharp. Firstly, the pressure at node i, pi, and the pressure
at node i� 1, pi�1, are extrapolated across Γ to decide the ghost
values, pG

i�1 and pG
i :

pG
i � pi� J (8)

pG
i�1 � pi�1 � J� (9)

Using these ghost values, accurate derivatives at Γ can be deter-
mined:

pLe f t
x�Γ � pLe f t

x�i� 1
2

�
pG
i�1 � pi

Δx
(10)

pRight
x�Γ � pRight

x�i� 1
2

�
pi�1 � pG

i

Δx
� (11)

We can discretize Poisson’s equation (5) at i and i�1 as

∇2pi � pxx�i �
pLe f t
x�Γ � p

x�i� 1
2

Δx
� D�xi� (12)

∇2 pi�1 � pxx�i�1 �
p
x�i� 3

2
� pRight

x�Γ

Δx
� D�xi�1�� (13)

where D represents the right-hand side of Equation (5) in one di-
mension. Equations (12) and (13) can be rewritten, using Equations
(10) and (11), as

pG
i�1�pi
Δx �

pi�pi�1
Δx

Δx
�D�xi� (14)

pi�2�pi�1
Δx �

pi�1�pG
i

Δx

Δx
� D�xi�1� (15)

and using Equations (8) and (9) as

�pi�1�J��pi
Δx �

pi�pi�1
Δx

Δx
� D�xi� (16)

pi�2�pi�1
Δx �

pi�1��pi�J�
Δx

Δx
� D�xi�1�� (17)
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Fortunately, Equations (16) and (17) can be rewritten as follows:

pi�1� pi�1 �2pi

Δx2 � D�xi��
J

Δx2 (18)

pi�2� pi �2pi�1

Δx2 � D�xi�1��
J

Δx2 � (19)

These equations can be assembled into a linear system Ax � b,
where the matrix A is symmetric and positive definite with ap-
propriate boundary conditions. Note that the left-hand side terms
of Equations (18) and (19) are identical to those used in [Foster
and Fedkiw 2001]. A small modification of b involving the pres-
sure jump, J, is all that is required for accurate implementation of
surface tension. This method is applicable to both free surfaces
and internal interfaces (bubble surfaces) and can be combined with
discretization using an octree data structure [Losasso et al. 2004b]
without any inconsistency. For free surfaces, the ambient air pres-
sure is used as the Dirichlet boundary condition at nodes which
adjoin ambient air, and then the jump condition activates the sur-
face tension effect. Extension to the two- or three-dimensional case
is simple. A J term for each coordinate is superposed and then
added to or subtracted from D�x�, in the same way as in Equations
(18) and (19). We can then solve this linear system using the con-
jugate gradient method with a modified ILU preconditioner [Saad
1996]. After solving Poisson’s equation (5), the pressure derivatives
of Equation (6) are also determined from Equation (10) or Equation
(11), which allows us to compute un�1.

��� ��	����

We will assume a velocity profile near an interface Γ between two
viscous, immiscible fluids, with viscosities denoted2 as ν� and ν�.
Note that the discontinuity of viscosity brings about a discontinuity
of velocity gradient field across Γ, even though velocity is continu-
ous at Γ. In general, the exact velocity at the interface, uΓ, cannot be
stored in a Eulerian grid. This means that we cannot determine the
exact derivatives of u across Γ, which leads to errors in the viscos-
ity step of Equation (3), which will be propagated to adjacent grid
elements. Larger differences in viscosity will cause more serious
errors.

Figure 5: Velocity profile near an interface.

To resolve this problem, the ghost values, uG
i�1 and uG

i , are ob-
tained by extrapolating ui and ui�1 across uΓ, as shown in Figure 5.

2The notation � or � originated from the level-set representation of the
interfaces. We use φ � 0 regions for water and φ � 0 regions for air. Instead
of � or �, ‘left’ or ‘right’ was used in Section 4.1 since the sign of the
pressure jump is not dependent on the sign of φ .

Then we can express the exact derivatives just left and right of Γ as

u�x�Γ � u�
x�i� 1

2
�

uG
i�1 �ui

Δx
(20)

u�x�Γ � u�
x�i� 1

2
�

ui�1 �uG
i

Δx
� (21)

while the standard finite-difference formulation is

u
x�i� 1

2
�

ui�1 �ui

Δx
� (22)

Now we can use the known physical properties of interfaces.
First, the velocity should be continuous:

u�x�ΓθΔx�u�x�Γ�1�θ �Δx� ux�ΓΔx� (23)

And, due to the no-slip condition, the viscous acceleration should
be the same on both sides of the interface:

ν�u�x�Γ � ν�u�x�Γ� (24)

After rearranging Equations (23) and (24), we can rewrite ν�u�x�Γ
and ν�u�x�Γ as

ν�u�x�Γ � ν̂u
x�i� 1

2
(25)

ν�u�x�Γ � ν̂u
x�i� 1

2
� (26)

where the effective viscosity3 ν̂ is
�

θ
ν� �

1�θ
ν�

�
�1

. We note that

it is unnecessary to decide the values of uG
i and uG

i�1, since the
discontinuity is not in the value of u but in that of ux.

The diffusion equation,

unew � u�∇ � �ν∇u�Δt� (27)

is part of Equation (3); we can discretize it at node i as

unew
i � ui�

ν�u�x�Γ�ν�u
x�i� 1

2

Δx
Δt� (28)

Using Equation (25), we can rewrite this equation as

unew
i � ui�

ν̂u
x�i� 1

2
�ν�u

x�i� 1
2

Δx
Δt� (29)

After repeating a similar process at node i�1, we obtain two equa-
tions which express the velocities near Γ:

unew
i � ui�

ν̂ ui�1�ui
Δx �ν� ui�ui�1

Δx

Δx
Δt (30)

unew
i�1 � ui�1�

ν� ui�2�ui�1
Δx � ν̂ ui�1�ui

Δx

Δx
Δt� (31)

High viscosities, large differences, and large timesteps are all trou-
blesome in this explicit scheme. Therefore, we rewrite Equations
(30) and (31) in implicit form:

�λν�unew
i�1 �

�
1�λν̂ �λν�

�
unew
i �λν̂unew

i�1 � ui (32)

�λν̂unew
i �

�
1�λν��λν̂

�
unew
i�1 �λν�unew

i�2 � ui�1�(33)

3This approach separates the pressure jump condition from the viscosity
gradient jump condition. For a more complicated and coupled treatment,
see [Kang et al. 2000].
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where λ � Δt�Δx2.
These equations form two rows of a linear system Ax� b. This

is a modification of the single-phase case of [Stam 1999], but nev-
ertheless A is still symmetric and positive definite, in the same
manner as the variable viscosity of [Carlson et al. 2002]. In our
implementation, based on an octree data structure, the unprecondi-
tioned conjugate gradient method showed better performance than
preconditioned methods when the initial guess for x was un. Us-
ing an adaptive grid, the terms Δx in Equation (20) and in Equation
(28) are different. The errors caused by T-junctions [Losasso et al.
2004b] do not significantly impact the visual results.

Figure 6: A small-scale scene of liquid pouring. The effective res-
olution was 5123 by 2.

! "�����

We will now go on to explain the small-scale features of fluid mo-
tion simulated by the techniques just described. The first example
is the capillary instability of the liquid jet in Figure 2. A 5 mm
diameter jet is introduced into the computational domain from the
left and gravity accelerates it rightwards. Firstly, the head of the
jet becomes rounded by surface tension. As the head gets bigger,
necking develops, and then the head is pinched off. This is the start
of instability. This process is propagated to the liquid following,
causing repeated sequential pinching-off. The oscillation of drops
due to surface tension makes them look like elastic balls. The very
thin and short filaments left after breaking also coalesce into small
droplets, but some of them are lost, as reported by [Goktekin et al.
2004]. We refer to Picture 122 and 123 in [Dyke 1982] as a com-
parison of our simulated results with a real picture.

Similar phenomena are found in a liquid sheet, as shown in Fig-
ure 3. Surface tension rounds the edges of a thin liquid sheet, then
forms it into pipes, which tear the sheet. The torn parts coalesce
with adjacent regions of the original sheet, but some fragments are
lost because they are so thin. These phenomena also appear in pho-
tographs, such as Picture 149 in [Dyke 1982]. Some more inter-
esting scenes are shown in Figure 6. Here, liquid is poured on to
a static sphere which causes it to spread into sheets. These are ag-
glomerated by surface tension, finally forming many drops. The
strong surface tension makes the liquid sheet behave as an elastic
membrane.

Figure 7 shows an animation of bubbly water. Air is introduced
from the bottom and a static sphere disturbs its flow. The breakup of
air, the formation and rising of bubbles, and explosions at the sur-

face are all animated. The phenomena simulated in previous exam-
ples are also seen in this animation, but viscosity has now become
significant. It is difficult to get visually pleasing bubbles without
considering the viscosity jump, because the ratio between the vis-
cosities of two fluids influences the position of the buoyant vortex
center which affects bubble shapes as much as surface tension.

We performed these simulations on a desktop PC with 3.4 GHz
CPU and 2 GB RAM. For the octree data structure, we followed
the implementation of [Losasso et al. 2004b; Losasso et al. 2004a].
Each timestep took at most 2 minutes of computation time with
an average of 1 minute. At most, we used 20 timesteps per frame,
allowing one example sequence to be generated in two days of com-
puting. Our method is not primarily intended to compete with ex-
isting techniques in terms of efficiency; however, it is known that
surface tension effects can induce surface oscillations when large
timesteps are used, thus slowing the simulation as a whole. How-
ever, what limits the timestep in our experience is not the surface
tension, but the swirling near very small droplets or bubbles.

# $�
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We have described a technique for animating fluids which have a
discontinuity in their state variables. We have extended previous
techniques to multi-phase fluids with surface tension effects and
viscosity changes at their interfaces, as well as modeling buoy-
ancy. Discontinuities in the pressure and velocity gradient fields
were treated in a sharp fashion which preserved sub-grid details.
The resulting numerical methods are easy to implement and do not
influence the performance of existing solvers. Based on these tech-
niques, we have been able to show new aspects of small-scale fluid
motions.

One technical extension of this work would be to consider the
discontinuity of velocities tangent to interfaces. We also believe
that our method of modeling viscosity could be enhanced to include
elastic or plastic bodies. An efficient shape control algorithm for
multi-phase fluids would be another interesting project.
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