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Abstract Controlling shapes is a challenging problem in
a multi-phase fluid simulation. Bubble particles enable the
details of air bubbles to be represented within a simula-
tion based on an Euler grid. We control the target shapes
of bubbles by the gradient vectors of the signed distance
field and attraction forces associated with control particles.
Our hybrid approach enables to simulate physically plausi-
ble movements of bubbles while preserving the details of a
target shape. Furthermore, we control the paths of moving
bubbles using user-defined curves and the shape of an air
bubbles by drag force. An accurate model of the drag force
near the fluid surface means that bubbles have realistic ellip-
soidal shapes.

Keywords Fluid simulation · Air bubble control ·
Ellipsoidal bubble shape

1 Introduction

In recent SF movies, physics-based fluid simulation has
been used to produce effects which are hard to distinguish
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from reality. In the computer game industry, too, real-time
fluid simulation methods have become a common ingredi-
ent in plausible virtual worlds. Target-driven fluid simula-
tion techniques are required to produce these special effects;
but it remains challenging to control fluid flow while pre-
serving its physical characteristics.

We adopt the smoothed particle hydrodynamics (SPH)
technique based on grid-based multi-phase fluid simula-
tion [12]. Particles are simulated by solving the Navier–
Stokes equation, and the target shapes of air bubbles are con-
trolled by external forces; as a result, our method captures
small-scale details which are ignored by existing target-
driven grid-based methods, which allow features of the tar-
get shape to disappear due to numerical dissipation. Con-
versely, particle-based approaches are fast and preserve fea-
tures of the target shape but have difficulty in simulating
multi-phase fluids. By combining grid-based and particle-
based techniques, we can simulate multi-phase fluids while
preserving target shapes.

A hybrid method of Eulerian and Lagrangian fluid simu-
lations was introduced by Greenwood and House [9]. They
simulated air bubbles as particles escaping from the parti-
cle level-set [6], whereas Hong et al. [12] simulated escaped
particles by SPH. By modeling an air bubble as a combina-
tion of several particles interacting with each other within
the SPH vorticity confinement, it is possible to obtain bub-
bles with dynamically deforming shapes. However, this ap-
proach is still not adequate to represent real bubbles accu-
rately, because the drag forces applied to each particle in an
air bubble are almost same, and so the bubble stays spher-
ical. In reality, a rising bubble deforms into ellipsoid or a
mushroom shape because a large drag force acts on its up-
per surface. Unlike Hong et al., our computation of the drag
force applied to the particles near the bubble surface takes
account of the overall shape of the air bubble to produce
more realistic results.
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We simulate the complicated behavior of fluids and air
bubbles by the interaction between grid-based liquids and
SPH-based air bubbles, subject to a vorticity force and a co-
hesive force. In addition, we propose techniques to control
the flow of air bubbles using curves and the shape of bub-
bles using target shapes. The resulting fluid movements are
stable without artifacts.

2 Related work

Stam [26] proposed a semi-Lagrangian integration scheme
to simulate unconditionally stable fluids using a three-
dimensional grid. Enright et al. [6] contributed to a parti-
cle level-set method to detect the fluid surface accurately
using marker particles. Losasso et al. [17] utilized an adap-
tive octree structure to obtain a high-resolution surface. Kim
et al. proposed volume control method and regional level set
method for multi-phase fluid simulation [14, 15]. Hong and
Kim [11] considered surface tension between multi-phase
fluids using the ghost fluid method (GFM) to deal with dis-
continuities at the fluid surface. Robinson-Mosher et al. in-
troduced interactions between rigid bodies and a fluid [23].
Hong and Kim [10] and Shin and Kim [24] controlled the
shape of a fluid using a gradient-based non-linear method,
and Shi and Yu [27] introduced a target-driven method to
force fluids to follow a rapidly deforming target shape.

Desbrun and Gascuel [5] used SPH to animate elastic
bodies. Müller et al. [20] contributed to the simulation and
rendering of liquid using the SPH. Müller et al. [21] de-
vised a particle system to animate elastic and plastic objects
with specified material properties. Adams et al. [1] proposed
adaptively-sized SPH particles. Thürey et al. [28] introduced
a technique to control liquid, which preserves its details us-
ing high-pass and low-pass filters.

As we explained, fluid simulation techniques can be
divided into grid-based Eulerian and particle-based La-
grangian methods; and hybrid techniques combine these two
methods. Greenwood and House [9] represented air bub-
bles positively as particles escaping from a particle level-
set. However, since they treat an air bubble as a sphere, the
results are unrealistic. But in later work [18, 19] air bubbles
and water drops are simulated using SPH, and their realism
is complete. Kim et al. [16] represented the flow of dispersed
bubbles using a stochastic solver, but their method still has
a limited ability to deal with the collision, merger and over-
lapping of particles. Rasmussen et al. [22] used a hybrid
method to control fluids for photorealistic effects.

Additionally, we control the path and shape of air bub-
bles. The application of Ref. [4] allows animators to control
fluids intuitively. The path is used to define the location of
fluid flow. The direction of drag is by definition opposite
to the velocity. A bubble has been observed in experiments

that the short axis of the ellipsoidal bubble is always aligned
with the bubble velocity vector [25]. Eunchan Jo and Young
Song [8] proposed a new SPH simulation method that uti-
lizes ellipsoidal kernels instead of spherical kernels.

3 Fluid simulation

We use the Navier–Stokes equation to simulate large vol-
umes of water. The momentum conservation equation is

ut + (u · ∇)u + ∇p/ρ = f, (1)

and the mass conservation equation is

∇ · u = 0, (2)

where u = (u, v,w) is velocity, p is pressure, ρ is den-
sity, and f is the sum of the external forces, including grav-
ity and control forces. We use the particle level-set method
[6] to represent complicated fluid surfaces, and octree struc-
ture [17] for fast grid simulation, and back and forth error
compensation and correction (BFECC) [13] to achieve 2nd-
order accuracy in preserving the fluid volume. We employ
the adaptive SPH technique [1] to simulate small-scale air
bubbles. The equation for the pressure force acting on an air
bubble is

fpressure
ij = −ViVj (Pi + Pj )

(∇W(xij , ri) + ∇W(xij , rj )
)
/2,

(3)

where the volume Vi is mi/ρi , r is the radius, the mass mi is
proportional to r3

i and xij = xj − xi ; the pressure Pi = kρi ,
where k is a control parameter. Using an Eulerian grid to
model water and Lagrangian SPH to model air bubbles, we
employ the SPH vorticity confinement and cohesive forces
due to Hong et al. [12] to improve the realism of the air
bubbles.

4 Control of air bubbles

4.1 Controlling target shapes of air bubbles

In the paper, we control the shape of air bubbles using hy-
brid method. To attract air bubbles to a target shape, we cre-
ate control particles in regions which have negative level-set
values in the region of the signed distance field correspond-
ing to the target region [2]. The control force fctl applied to
an air particle is determined by the negative gradient vec-
tor of the signed distance field −∇φshape and the attraction
force fa , as follows:

fctl = −α∇φshape + (1 − α)fa, (4)

α =
{

kctlφp φp > 0,

0 φp ≤ 0,
(5)
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Fig. 1 An animation of the varying shape of air bubbles

Fig. 2 The allocation of the drag force to air using particles in our
method (left) and that of Hong et al. (right) [12]

where φp is the level-set value at the position of an air parti-
cle p, and α is linearly proportional to the distance between
p and the surface of the target shape. If the level-set value
φp is negative, α = 0 and the control particle only applies
the attraction force fa . We model the effect of fa on an air
particle, which makes it move towards control particles in a
similar way to Thürey et al. [28]:

fa =
∑

i

βi

ci − p
‖ci − p‖W(d,h), (6)

where ci is the position of the control particle i, p is the po-
sition of the air particle, and W is the kernel function of the
control particle; d is the distance between ci and p, h is the
kernel size, and βi is a coefficient which is inversely propor-
tional to the density of air particles at the control particle i.
Therefore, if there are already enough air particles around
the control particle, further air particles are only weakly at-
tracted. In Fig. 1, the bubble particle moves into the target
shape.

4.2 The drag force at a bubble surface

Since the density of water is 800 times that of air, the force
applied to water by air is insignificant. Conversely, water in-

Fig. 3 Ellipsoidal shape of air bubbles using our proposed drag force

duces buoyancy, drag and left forces on bubbles. For exam-
ple, in the left-hand image in Fig. 2, a drag force is applied
to the upper portion of the air bubble by buoyancy. Ellingsen
and Risso [7] observed that an air bubble injected into wa-
ter retains its ellipsoidal shape while it rises, implying that
the drag force only acts on the upper portion of the air bub-
ble in Fig. 3. Even though the interaction between water and
air bubbles occurs at the upper surface, the resulting force
affects other particles by solving the SPH. Therefore, we
do not need to calculate the drag forces of particles which
are located in lower portion of air bubble. Hong et al. [12]
and Cleary et al. [3] computed the interaction between wa-
ter and air bubbles at each SPH particle. Then, as they use in
the right-hand image in Fig. 2, bubbles are influenced by the
drag force which is almost omnidirectional, and to the bub-
ble is spherical. Conversely, we model the drag force fdrag

i

acting on an air particle i taking account of the position and
direction of the bubble, so that

fdrag
i = −kdragr

2
i |v⊕ − u⊕|(v⊕ − u⊕), (7)

where pi is the position of an air particle i, p⊕ is the center
of the bubble and p⊕ = 1

N

∑n
i pi ; v⊕ is the velocity of p⊕,

and u⊕ is the velocity on the grid of the fluid at position p⊕.
N is the number of particles in one bubble. Since our for-
mation of the drag force only affects the upper surface of a
bubble, kdrag of the drag force is as follows:
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kdrag =
{

ηγ |pi − p⊕| γ > 0,

0 γ ≤ 0,
(8)

where γ = (pi − p⊕) · (vi − u⊕).
If γ is negative, the particle is not influenced by the drag

force; kdrag is zero. η is the coefficient of kdrag. Therefore,
as shown in the left-hand image in Fig. 2, air particles (red
> yellow > green) near the upper surface of a bubble expe-
rience strong drag force; but these forces barely affect par-
ticles (blue) in the interior of the bubble or near its lower
surface.

4.3 Control of air bubble flow

We provide users with artistic control over the flow of air
bubbles by allowing them to specify a curve f(t). L1 and L2

are other curves paralleled to a curve f(t). If the position of
bubble particle pn is on the curve Ln, the fcurve is as follows:

fcurve = −μ
g′(t)
|g′(t)| (9)

where g(t) = f(t) − vn, vn is translation vector for curve Ln

and μ is coefficient of fcurve. This causes bubble to follow
paths approximately parallel to the user-defined curve.

5 Results

We performed simulations on an Intel Core i7 CPU running
at 2.93 GHz, and rendered the fluid models by ray-tracing.

In Fig. 1, the air bubbles gather to form a target dragon
model. The flow of the bubbles is controlled by the sum of
the gradient vectors of the signed distance field of the target
model and the attraction force of the control particles. Even
though water was simulated with a coarse grid, air particles
move freely towards the control particles, which are inde-
pendent of the grid. We added air particles at each frame, and
the number of particles at the last scene in Fig. 1 is 13815.

We controlled the shape and path of air bubbles in a
multi-phase fluid simulation to demonstrate user-controlled

motions. Figure 4 shows air bubbles controlled by user-
defined curves in Fig. 5. The bubbles appear to rise natu-
rally, but the external force associated with the curves makes
them follow its paths. The left-hand, middle and right-hand
images in Fig. 4 are the 31st, 58th and 253rd frames of the
simulation, and the numbers of particles in the simulation at
each frame are 390, 676 and 1030, respectively.

In the example of Fig. 6, the control force fctl in Eq. (4)
drives the air bubbles to form the characters ‘CGI 2012’. In
the third image, the bubbles disperse as all control forces are
removed, and finally they move buoyantly upward.

6 Conclusions

We have introduced a method to control the shape and flow
of air bubbles in a multi-phase fluid simulation. Using sim-
ple functions such as a curve or a three-dimensional mesh,
users can control the motion of the bubbles. We derive par-
allel curves from the simple curve so that bubbles which are
not located on the curve move on parallel paths. To control

Fig. 5 The path of bubbles controlled by user-defined curves

Fig. 4 User control of the flow of bubbles: the 31st frame, 58th frame, and 253rd frame of a movie
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Fig. 6 The simulation of dispersed air bubbles after tracing the target shape CGI 2012

the shape of the bubbles, we combine the gradient vectors of
the signed distance field of the target shape and the attrac-
tion forces associated with the control particles. Despite the
provision of user control, the simulation results look phys-
ically plausible. Since the drag force only affects the upper
part of the surface of a bubble, the bubbles maintain their
ellipsoidal shape as they rise.
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