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Abstract
Turbulent wake is crucial for the visually appealing effects of liquid. Unfortunately,

it is challenging to realistically simulate this phenomenon with ring-shaped vortical

structures. To tackle this issue, we propose a filament-based turbulent wake synthe-

sis method for realistically simulating the turbulent wake with ring-shaped vortical

structures. The filaments are sampled at the separation points on the obstacle sur-

face and emitted into the liquid flow to generate structured turbulent wake. Besides,

the surface tension model is incorporated to generate natural turbulent wake diffu-

sion visual effects in liquid by the anticurvature effects. The proposed approach can

realistically and effectively synthesize the turbulent wake with ring-shaped vorti-

cal structures and make it diffuse naturally. The experimental results demonstrate

that our method outperforms than the vortex particle-based method in synthesizing

appealing turbulent wake.
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1 INTRODUCTION

Turbulent wake is turbulence that forms behind obstacles as

fluid flow passes through them. This phenomena exists in

a wide range in our daily life, for example, shallow water

passing through the stone and boat driving on the ocean.

Simulation of the turbulent wake is a primary branch in

fluid dynamics and has been widely applied in the special

effects of many movies. However, simulating these vortical

*Xiangyun Liao and Weixin Si contributed equally to this work.

details behind obstacles is still a challenging task. The

ring-shaped vortical structures and its natural diffusion, as

shown in Figure 1, should be resolved simultaneously for

realistic visual effects.

The physical behavior of turbulent fluids can be alterna-

tively modeled by two numerical methods: Eulerian methods

and Lagrangian methods. The Eulerian methods store fluid

variables on the fixed Cartesian grid and provide the benefits

of unconditional stability and high speed. However, it suffers

from severe numerical dissipation and consequently fails to

generate ample details of turbulence. In addition, It is difficult
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FIGURE 1 Two column turbulent wakes (left) and ring-shaped vortical structure (right) by photographer

for Eulerian methods to handle the fluid-obstacle interactions,

which require the continued regeneration and refinement of

the meshes for accommodating the moving objects, espe-

cially for the regions around small gaps and sharp corners.

Lagrangian methods exploit the fact that the velocity field

induced from vorticity is always divergence free. Solvers

based on such methods advect the vorticity rather than the

velocity of the fluid, preserving circulation during the simula-

tion. Literatures have reported that Lagrangian vortex meth-

ods can better capture important visual details when running

with the same time step and advection scheme. Lagrangian

vortex methods have three key advantages over traditional

grid methods: They enable the representation of unbounded

flows, at arbitrary scales and with no numerical dissipation.

As far as we are concerned, only Lagrangian vortex particle

methods have been widely adopted in the simulation of tur-

bulent wake for liquid in computer graphics community. Shao

et al.1 proposed a vortex particle method to simulate turbulent

details generated behind objects in smoothed particle hydro-

dynamics (SPH) fluids. They identified the fluid particles

shed from object surfaces and are seeded as vortex parti-

cles, and then the fluctuating velocities stemming from the

generated vorticity field were calculated using an SPH-like

summation interpolant formulation of the Biot–Savart law.

Zhu et al.2 put forward a vortex particle-based hybrid method

to animate the turbulent water, which integrated particle in

cell or fluid implicit particle and vortex particle methods into

a unified framework, to efficiently simulate vortex shedding

that happens when fluids flow around obstacles. Pan et al.3

presented a 2D discrete vortex particle method to capture the

detailed liquid turbulent wake behind an obstacle, enriching

the motion of shallow water equation. However, all the above

vortex particle methods can only model the clutter turbulent

wake while ignoring the ring-shape structures of turbulent

wake. It is therefore necessary to develop a novel numerical

method to simulate the realistic structured turbulent wake for

liquid and achieve more appealing visual effects.

In this paper, we propose a vortex filament-based turbu-

lent wake synthesis method for realistically simulating the

liquid turbulent wake with ring-shaped vortical structures and

obtaining natural diffusion effects of turbulent wake. Our

contributions are summarized as follows:

• We propose a vortex filament-based method to generate

turbulent wake for liquid with ring-shaped structures. Our

method is a kind of physically inspired liquid turbulent

wake synthesis method, which samples vortex filaments at

the separation points on arbitrary obstacle and emits these

filaments into the liquid flow to synthesize the turbulent

wake with ring-shaped vortical structure.

• To enhance the liquid turbulent wake details, we intro-

duce the surface tension model to the liquid turbulent wake

synthesis, adding the anticurvature effects of the surface

tension to achieve natural turbulent wake diffusion effects.

2 RELATED WORK

Fluid simulation has attracted widespread attention in compu-

tational physics and computer graphics for years. The detailed

survey in this topic can refer to the book by Bridson.4 Previous
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fluid simulation methods in graphics can be briefly classi-

fied into two categories. One stream of research is Eulerian

grid-based methods. Foster and Metaxas animated fluid using

a one-phase, grid-based Navier–Stokes solver.5 Stam intro-

duced an unconditionally stable time integration scheme to

computer graphics,6 and it was later adapted to use a staggered

grid with vorticity confinement.7

Another steam of fluid simulation is Lagrangian vortex

methods, including vortex filament,8 vortex particle,9 or vor-

tex sheet.10 Vortex particles method can be used to augment

a grid-based fluid simulation with turbulent detail. However,

vortex particle primitives cannot deal with the troublesome

vortex stretching by a stretching issue. On the other hand, vor-

tex sheet formulation can well simulate the fluid-air interface.

However, a drawback of mesh-based surface-tracking meth-

ods is the difficulties of handling topology changes and avoid-

ing tangling. On the contrary, vortex filament-based methods

can well avoid the above limitations.

Vortex filaments-based turbulent fluid simulation has been

studied by many research.11,12 In computer graphics, vor-

tex filament was first used by Angelidis and Neyret as the

primitives to drive the fluid simulation,13 where time com-

plexity depended on the number of vortex filaments and fluid

particles. To sample less segments, Darboux transformation

was proposed by tackling the local effects among neighbor

sampling segments on the filaments.14 However, this transfor-

mation did not ensure finding the optimal parameter needed

in a fast way. To remove the hairpins in vortex filaments, vari-

ational reconnection was proposed to eliminate the antipar-

allel portions of two nearby filaments8, which was designed

for Graphics Processing Unit (GPU) acceleration and suitable

for small-to-medium size simulation with a strong demand

for tiny details. Another scheme was adopted by Barnat and

Pollard to reconnect these stretched filaments into a graph

structure to particularly produce graph-structured fluid.15

Besides, a novel method is proposed in Weißmann et al.16 to

extract the vortex filament from the velocity field, which is a

meaningful inverse process for flow analysis.

3 BASICS

3.1 SPH
SPH is a particle system that has been widely used for fluid

simulation in computer graphics community. SPH divides

the flow domain into a set of discrete particles and then

applies a smoothing kernel to approximate the particles’

dynamic properties and moves these particles with their local

velocity.17 As a result of this smoothing technique, spatial

derivatives at a particle can be figured out from interac-

tions with its neighboring particles. For a particle i, its field

quantity A can be represented by a weighed sum of con-

tributions from all neighboring particles within a support

radius h:

⟨A (xi)⟩ = ∑
j

A
(
xj
) mj

𝜌j
W(||xj − xi||, h), (1)

where mj and 𝜌j denote the mass and density of neighbor-

ing particle j and A(xj) is the field quantity at particle j. The

function W(||xj−xi||, h) is the smoothing kernel with the prop-

erties ∫ W(r, h)dr = 1 and limh−>0W(r, h) = 𝛿(r), where 𝛿(r)
is the Dirac function and h is the support radius. In the

proposed simulation system, we employ the Weakly Com-

pressible SPH (WCSPH) scheme18 as our basic framework

and integrate our novel turbulent wake synthesis method to

obtain appealing visual effects of liquid simulation.

3.2 Vortex filament method
Vortex filament, denoted as 𝛾 , is a basic Lagrangian primitive

to represent vorticity in fluids, which is a ring-shaped vortex

tube and can be discretized by an oriented curve and a tube

of radius 𝛿, which carries the vorticity directionally tangen-

tial to the vortex filament curve, as shown in Figure 2. The

vortex filament induces circular motion around the filament

curve tangent based on a circulation number 𝛤 , which is the

integral of vorticity 𝜔 over the cross section S of filament tube

and describes how much vorticity is going through a certain

surface or volume.

Γ = ∫∫S
𝜔ds. (2)

In physics, Helmholtz’s theorems19 tell us that (a) the

circulation of a vortex filament is constant along its length,

FIGURE 2 Vortex filament
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(b) a vortex filament cannot end in a fluid; it must extend to

the boundaries of the fluid or form a closed path, (c) in the

absence of rotational external forces, a fluid that is initially

irrotational remains irrotational. The theorem is formulated

as follows:

DΓ
Dt

= 0. (3)

4 FILAMENT-BASED TURBULENT
WAKE SYNTHESIS

Turbulent wake occurs when the fluid near the obstacle

boundary diffuses away from the obstacle surface due to

viscosity and friction and is subsequently swept along with

the fluid, changing into turbulent flow behind the obstacle.

According to boundary layer theory,20 velocity decreases and

pressure increases along the flow direction on the back face

of the obstacle, and vortices are created and confined if the

flow travels long enough under such pressure profile. The

vortices will finally detach from obstacle surface and be emit-

ted into the ambient flow field. Eventually, a turbulent wake

occurs near the separation position. In this paper, we propose

a filament-based method for synthesizing turbulent wake for

SPH fluids. First, we sample the filaments on the separation

point on the obstacle surface. Then the sampled filaments are

emitted into the SPH fluids, which will dramatically change

the status of the SPH fluids and finally generate turbulent

wake behind the obstacle. Figure 3 illustrates the procedure

of liquid turbulent wake synthesis by our method.

4.1 Filament sampling
We evenly sample boundary particles on the obstacle sur-

face and adopt the method of Akinci et al.21 for fluid-obstacle

coupling, reducing solid–fluid interaction to particle–particle

interaction. We sample filament on the separation point when

the SPH fluids pass by the obstacle. The separation point is

defined by the Reynolds number, which is a dimensionless

quantity that can assess the fluid motion on the boundary of

obstacles and distinguish fluid flow that is laminar or tur-

bulent. For each sampled boundary particles, we define the

corresponding local Reynolds number as follows:

Rei =
�̄�iv̄iLi

𝜇
, (4)

where �̄�i and v̄i are respectively the mean density and mean

velocity of fluid particles inside the support domain of bound-

ary particle i with radius h, Li is the characteristic linear

dimension of the obstacles at boundary particle i, and 𝜇 is

the viscosity of the fluid. For the boundary particle i, when

Rei > Re0, we define it as the separation point. Here, Re0 is a

user-defined parameter.

After finding a separation point, we sample a filament at

the separation point at a frequency f by the way illustrated

in Figure 3. Suppose v̄0 is the initial relative velocity for

fluid passing by the obstacle; for a found separation point

s on the obstacle surface, we sample a vortex filament on

the bunny surface by the following way: (a) First, we gener-

ate plane 𝛼s that is perpendicular to the v̄0 and define plane

𝛽 as the horizontal plane at the highest fluid-free surface par-

ticle in plane 𝛼s, as shown in Figure 3. (b) Then, we selected

the boundary particles whose distances to the plane 𝛼s are

less than d0 as well as under plane 𝛽 as the filament ver-

tices, denoted as P = {p1, p2, … , pns}, where pi is a selected

obstacle boundary particle and ns is the vertices’ number of

filament 𝛾s. (c) Finally, we successively connect the filament

vertices and form a closed polygon by connecting pns and p1;

this closed polygon is the discretization form of the sampled

filament 𝛾s.

Note that the obstacle may not entirely be under the hor-

izontal plane 𝛽, as shown in Figure 3; filament vertices p1

and pns are the two ends of the filament 𝛾s under the hor-

izontal plane 𝛽. This situation corresponds to Helmholtz’s

theorems19 that the vortex filament extends to the boundaries

of the fluid. To handle such situation, we still successively

FIGURE 3 The procedure of liquid turbulent wake synthesis
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connect the filament vertices and form a closed polygon

but disable the impact of the filament segment ||−−→pipj||. As

the boundary particles are evenly sampled and neighboring

boundary particles are very close to each other (not larger than

Ld), we define the following function to disable or enable the

impact of each filament segment:

sign(pi, pj) =
⎧⎪⎨⎪⎩

1, ||−−→pipj|| ⩽ Ld

0, ||−−→pipj|| > Ld

. (5)

For each sampled filament 𝛾 i, once the function sign is set,

it will keep its value along with this filament. The vortic-

ity of the vortex filament vertex at separation point s can

be calculated with its nearest SPH fluid particle j using the

inverted Biot–Savart integration,19 and we adopt this value as

the vorticity of sampled filament 𝛾 i.

𝜔s = Res ·
(ns × vj)||dsj||

W(dsj, h)Vs
, (6)

where dsj is a vector from SPH fluid particle j to the separation

particle s, ns is vertex normal of the separation particle s, vj is

the velocity of fluid particle j, Vs is the volume of separation

point s, Vs = ms∕𝜌s = ms∕(
∑

kmkWk), and k is the boundary

particle neighbors. Res is Reynolds number at the separation

particle s, and W is the smoothed kernel function of WCSPH

solver.

The initial circulation 𝛤i of the sampled filament 𝛾 i at the

separation point s can be calculated by the following equation:

Γi = ∫∫Si

𝜔sds, (7)

where Si is the cross section of the sampled filament 𝛾 i with

tube radius 𝛿i. The area of cross section Si is 𝜋𝛿2
i .

4.2 Turbulent wake synthesis
The sampled vortex filaments are emitted into the SPH fluids

after their sampling by advecting the filament vertices with

WCSPH solver. The vorticity field of the fluid is concentrated

on a finite collection of vortex filaments 𝛾 , and then the gen-

erated velocity field reduces to a sum of line integrals along

the filaments:

v(x) =
m∑
i

Γi

4𝜋∫L
𝛾 ′i (t) ×

x − 𝛾i(t)
x − 𝛾i(t) 3

dt, (8)

where m is the number of filaments in the flow field, 𝛤i is

the circulation of the sampled filament 𝛾 i, 𝛾 i(t) is the param-

eterization of the filament line, and 𝛾 ′i (t) is the tangent of the

filament curve.

To effectively synthesize turbulent wake, here, we define a

turbulent wake formation region as a cuboid Cv with length Lc

behind the obstacle; its width and height are defined accord-

ing to the size of the obstacle, as shown in Figure 3. Once

the filament is advected out of the turbulent wake forma-

tion region, it will be removed. For each fluid particle k
in the turbulent wake formation region, its velocity can be

approximated by the following:

vk(x) =
m∑
i

Γi

4𝜋
Υi(x), (9)

Υi(x) =
ni∑
j

sign(pj, pj+1) · tj ×
x − 𝝉 j

x − 𝝉 j 3
, (10)

where x is the position of SPH fluid particle k, m is the number

of sampled filaments in the fluid field, 𝛤i is the circulation,

ni is the vertices’ number of filament 𝛾 i, pj and pj+1 are two

filament vertices, pj+1 = p( j+1)%ni , here, % is the remainder

operation, 𝝉 j = (pj + pj+1)∕2 is the middle point of pj and

pj+1, tj = −−→pipj.

5 TURBULENT WAKE
ENHANCEMENT

The turbulent wake can be synthesized by our filament-based

method, which has the similar ring-shaped structure with

Figure 1. However, the turbulent wake may appeal unnatural

with large curvature because of the absence of surface tension.

In this regard, we need also to enhance the turbulent wake

details to make it diffuse more naturally. Considering that sur-

face tension is an inward force at the free surface and makes

the surface area minimization, here, we adopt the continuum

surface force-based SPH surface tension model22 to push back

against the curvature of ring-shaped vortical structures, which

can effectively and realistically enhance the turbulent wake

details and obtain more natural diffusion visual effects.

We use color function c to compute the location and charac-

teristics of the liquid-air interface on which the surface force

will apply. The value of color function c is 1 at particle loca-

tions and 0 everywhere else. The smoothed color field is as

follows:

ci =
∑

j

mj

𝜌j
Wij. (11)

The smoothed color field c and its gradient field ∇c can be

used to identify the liquid surface particles and compute sur-

face normal. The surface particles set B can be detected with

a threshold parameter l0, B = {i|||∇c|| > l0}. The normal

direction n from liquid to air can be computed from the gra-

dient of color field n = ∇c. The curvature of the interface can

be calculated as the divergence of the interface normal:

𝜅i = −∇ni. (12)

We use the normalized form of the SPH divergence which

is suited for nonfull supported fields as it restores first order

consistency23
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∇ni = d
∑

j(ni − nj)Vj∇Wij∑
j||xi − xj||Vj||∇Wij|| , (13)

where d is the number of dimensions and Vj is the volume

represented by particle j.
The final surface tension term in the momentum equation is

Fst
i = −𝜎(∇ni)∇ci. (14)

where 𝜎 is the surface tension coefficient. Note that the

surface tension force is only applied to the liquid surface particles.

Algorithm. 1 presents the pseudocode of one simula-

tion loop.

6 RESULTS

To validate the performance of our method, we simulate the

liquid turbulent wake in scenarios with static and moving

obstacles, and compare our method with the WCSPH, the vor-

tex particle method1 and our method without surface tension.

Specially, we adopt the method of Akinci et al.21 to model

the fluid-obstacle coupling and Z-indexing and sorting24 for

neighboring searching. The experimental platform includes:

Intel(R) Core(TM) i5-3470S CPU @ 2.9GGHz, 8GB mem-

ory, Geforce GTX 660M. In experiment, we set 𝜇 = 1.0,

Re0 = 2, 500, Ld = 0.6, Lc = 15, h = 0.5, f = 5 and d = 3.

We provide a Supporting Information video to demonstrate

the visual effects of liquid turbulent wake synthesis.

Figure 4 illustrates the visual effects comparison of liquid

turbulent wake generated behind static cylinder with 60 K liq-

uid particles and 4,210 cylinder boundary particles. It can

be observed that there is no turbulent wake behind cylin-

der for WCSPH. Whereas for the vortex particle method,1

it seeds vortex particle at the cylinder boundary and gen-

erates fluctuation for the vortex particle, which can hardly

capture the ring-shaped vortical structures due to the clutter

movement of each single vortex particle. In contrast with the

vortex particle method, our method samples vortex filaments

which are highly structured Lagrangian vortex primitives and

emits them into the liquid fluid to drive the particles in the

turbulent wake formation region move, generating the turbu-

lent wake with ring-shaped vortical structure. However, the

synthesized turbulent wake appears much artificial effects

with large curvature, which results in the unnatural diffusion

of the turbulent wake. To overcome this problem, we intro-

ducing the CFS-based SPH surface tension model22 to our

method, which results in the contraction of the liquid surface

to minimal area and obtain a smooth shape of liquid sur-

face, finally achieving more natural visual effects of turbulent

FIGURE 4 Turbulent wake generated behind a static cylinder. The top row is rendered with a surface, and the bottom row is rendered with particles
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wake diffusion. The visual effects of liquid turbulent wake

with ring-shaped vortical structure can be more obviously

observed in the Supporting Information video.

We also compare the performance of turbulent wake syn-

thesis behind the bunny model with 60 K liquid particles and

12,642 bunny boundary particles, as shown in Figure 5. For

FIGURE 5 Turbulent wake generated behind the bunny

FIGURE 6 Comparison of turbulent wake sequence generated behind a moving obstacle. From top to bottom, the methods are WCSPH, vortex

particle method of Shan et al.,1 our method without surface tension, and our method, respectively
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TABLE 1 Computation time for turbulent wake synthesis behind the bunny (ms)

SPH Collision Turbulent wake Surface
Methods solver detection synthesis tension Total

WCSPH 203.4 16.7 − − 220.1

Vortex particle method 207.8 16.1 204.6 − 428.5

Our method without surface tension 203.7 14.7 156.3 − 374.7

Our method 205.2 15.5 158.4 72.4 451.5

FIGURE 7 Performance comparison in three scenarios

WCSPH and vortex particle method, there are no ring-shaped

vortical structures by arranged single particles movement at

the boundary. On the contrary, we sample the vortex filaments

at the bunny boundary according to the shape of the obsta-

cle; these sampled filaments are served as the source of the

vorticity in the fluid field. Our method successfully generates

turbulent wake with ring-shaped vortical structure behind the

bunny model, and with surface tension, our method obtains

natural visual effects with turbulent wake diffusion, outper-

forming the vortex particle-based method in synthesizing

appealing turbulent wake. Experimental result also demon-

strates that our method can generate turbulent wake for solid

obstacle with arbitrary shape. Finally, we have performed

turbulent wake synthesis comparison experiments on a sce-

nario with a moving cylinder using 80 K liquid particles; the

turbulent wake sequences are as shown in Figure 6. The exper-

imental results illustrate the effectiveness of our method for

realistically synthesizing turbulent wake with natural diffu-

sion, which is stable enough for handling complex scenarios.

The visual effects of turbulent wake generation behind the

moving obstacle can be more obviously observed in the

Supporting Information video.

Table 1 illustrates computation time for turbulent wake

synthesis behind the bunny. Figure 7 demonstrates perfor-

mance comparison in three scenarios. The computation time

for our method is a little more than the vortex particle method,

whereas our method achieves significant improvement with

more appealing visual effects.

7 CONCLUSION AND FUTURE
WORK
This paper presents a filament-based turbulent wake synthe-

sis method for simulating turbulent wake with ring-shaped

vortical structure. According to the free surface and the

boundary of arbitrary obstacle, we sample the vortex fila-

ments, which is beneficial for generating structured turbulent

wake. Besides, to achieve natural diffusion effects of turbu-

lent wake, we incorporated the continuum surface force-based

SPH surface tension model into our method to model the

natural vortical structure diffusion phenomenon through min-

imizing the curvature of liquid-free surface. Experimental

results demonstrate that our method can effectively synthesize

liquid turbulent wake with appealing visual effects.

The main limitation of our method is that the parameters

need to be manually tuned for better turbulent wake synthe-

sis results. In future work, we are to investigate the adaptive

parameters selection method for achieving more robust sim-

ulation. In addition, we also plan to incorporate the foam and

bubble25–27 simulation into our method for generating liquid

turbulent wake with more appealing free-surface rendering

and realistic visual details.
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