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Abstract
This paper presents a particle-grid method to simulate the generation of opaque ice which has air bubbles in it.
Water temperature is diffused over a grid, and the exchange of dissolved air between ice and water particles is
simulated. We render a particle as an air bubble if it has sufficient air. Otherwise, it is treated as a cloudy volume
by distributing air into dissolved air field when the final state has been reached. In addition, our method includes
a model in which heat transfer rate may change across the grid. Unlike previous models which could generate an
ice volume of only fixed shapes, our approach uses signed distance function (SDF) to generate opaque ice volumes
stored in containers of various geometric shapes and can render needle-shaped or egg-shaped bubbles.

Categories and Subject Descriptors (according to ACM CCS): I.3.5 [Computer Graphics]: Computational Geometry
and Object Modeling—Physically based modeling

1. Introduction

Ice found in daily life is often opaque due to air bubbles
trapped inside while being frozen. However, existing tech-
niques focused primarily on modeling of liquidification or
solidification between ice and water. Rendering of ice found
in movies often show transparent and solid object with flat
opaque texture with no volume (see Figure 1). In order to
render opaque ice volume, designers have to engage in te-
dious and time-consuming task of modeling behavior of air-
bubble particles inside of ice.

(a) (b)

Figure 1: (a) Real ice and (b) transparent rendered ice.

This paper proposes a hybrid method to render opaque ice.
Our paper focuses mainly on behavior of water being frozen
while stored in containers of various shapes. When rendered
image do not suffer significantly in quality, we chose to ig-

nore minor details to optimize the rendering process. We de-
scribe air bubbles found inside of an ice volume using both
grid and particles. Amount of dissolved air found in ice de-
fines the object’s state. Ellipsoidal particles allow generation
of either needle-shaped or egg-shaped bubbles depending on
how quickly water is frozen. Our model also includes an en-
hanced heat model with variable transfer rate.

2. Previous work

Phase changes in various types of fluids have been inves-
tigated by many researchers who developed techniques to
capture melting or freezing process of solid or fluid objects(
[CMVHT02], [FM07], [IUDN10]). However, they paid little
attention on what happens when water is being frozen.

[KHL04] developed a hybrid method for simulating frost
over arbitrary surface by combining dynamic Lie algebra
method [WS81], phase-field approach [MGM86], and sta-
ble fluid simulation [Sta99]. However, the technique focused
only on generation of a thin frost layer, and it could not be
applied on a volume of ice. Other papers addressed genera-
tion of an icicle( [KG93], [KAL06]). However, such tech-
niques are suitable only for the generation of images in
shapes similar to icicles or stalactites, and the generated ici-
cles appeared transparent.

[HLYK08] proposed a method to simulate the movement
and transformation of air bubbles inside of fluid object. It
used grids to describe the fluid and particles for air bubbles,

c© 2013 The Author(s)
Computer Graphics Forum c© 2013 The Eurographics Association and Blackwell Publish-
ing Ltd. Published by Blackwell Publishing, 9600 Garsington Road, Oxford OX4 2DQ,
UK and 350 Main Street, Malden, MA 02148, USA.

DOI: 10.1111/cgf.12057



Jaeho Im & Hanwook Park & Jong-Hyun Kim & Chang-Hun Kim / A Particle-Grid Method for Opaque Ice Formation

and it shows the merging and splitting of air bubbles in con-
junction with a level set method. However, this paper did not
address phase changes taking place in water.

[MTSK09] simulated the generation of trapped air bub-
bles inside of an ice volume using only grid. Rendered re-
sults, whose qualities are largely dependent on the grid res-
olution, also appear monotonous because the method gen-
erated air bubbles only at the center of each grid square.
Furthermore, the technique worked only on simulations of
slowly freezing cubic ice, and bubbles lacked directional
property. On the contrary, our technique supports simulation
of objects being frozen while stored in containers of various
geometric shapes. Other advantages include (1) various at-
tributes (e.g., direction and speed) can be modeled; and (2)
air bubbles can be placed anywhere independent of the grid
location.

[SN07] used textures to show opaque ice. The paper fo-
cused on real-time ice rendering including reflection and re-
fraction. But, it used textures to render opaque area which is
highly dependent on the view point and was limited to only
convex geometries.

In order to accurately model directional movement of
bubbles, we use ellipsoidal particle method as suggested
by [OVSM98]. [JKS11] improved the method to describe
a smooth surface of fluid. In our research, we used parti-
cles with ellipsoidal kernel to accurately describe directional
property of particles.

[Car61] describe the behavior of air bubbles trapped in-
side of an ice volume, but visualization has remained un-
done.

3. Overview

Realistic rendering of opaque ice requires deep understand-
ing of properties of water as well as physical phenomenons
that occur in water when temperature drops [Mon04]. Gener-
ally, water contains various types of dissolved gases such as
nitrogen, chlorine, and oxygen. These materials easily sepa-
rate themselves from solvent as the temperature is lowered.
When water kept in a container is frozen inside a freezer, the
outer layer starts to freeze first because cold air first meets
water at the container’s surface. As the freezing ice layer be-
comes thick, dissolved air is repelled from the ice, thereby
increasing the air volume towards the center of the container.
The opaque region is created when there exists excess air in-
side the water volume and dissolved air can no longer be
transferred externally.

Our method, illustrated in Figure 2, consists of six steps.
The initial and final steps, in green background, are per-
formed on a grid, and all other steps, colored red involve
transformations applied on particles. We form a grid to
model heat transfer through water and render them as cloudy
groups of small air bubbles. We also use particles and clas-
sify each as water, frozen ice, or air bubble. As the amount of

dissolved air around the center becomes high, dissolved air
will be transformed either as air-bubble particles or a group
of small cloudy air bubbles.

The first step simulates heat transfer that occur across wa-
ter and frozen ice using an enhanced equation over a grid.
We then update attributes of the particles and grid in steps
2 through 5. Water particles update their temperature from
the neighboring grid cells via interpolation. The amount of
heat contained in a particle indicates whether it is frozen or
not. Because ice cannot contain as much dissolved air as liq-
uid water can, in the second step, we move repelled air from
a frozen particle to nearby particles. Frozen particles search
for nearby unfrozen particles to release dissolved air. Sta-
tus of each water particle is updated next. Frozen particles
are classified as a large air bubble or a group of small air
bubbles depending on the amount of residual air. Next step
computes the direction and shape of each particles depend-
ing on the freezing rate and the amount of dissolved air in it.
The former follows that of ice being frozen while the latter is
determined by how fast it is being frozen. Air volume is de-
cided by the dissolved air the particle contains. The last step
forms the dissolved air field by updating grid cells based on
the amount of dissolved air contained in nearby frozen parti-
cles that are classified as groups of small cloudy air bubbles.
We terminate the simulation when all water particles even-
tually become ice particles.

4. Simulation of freezing ice

To model heat transfer across the freezing water, we solve
a heat equation using finite difference method and Dirichlet
boundary conditions. This equation can represent different
rates of heat transfer depending on the status of water parti-
cles. Water particles fetch heat from the grid using trilinear
interpolation.

Most of heat transfer taking place in freezing water oc-
curs by conduction through the solid frozen ice. During sim-
ulation, we chose to ignore both heat transfer within water
volume by convection and radiation heat transfer. Such deci-
sion is justified because we assume that (1) freezing occurs
in a freezer where convection and radiation barely affects the
freezing process; and (2) water is kept in a relatively small
container.

4.1. Heat transfer

Irregular patterns found in ice occur because the transfer rate
of cold energy is different between liquid water and frozen
ice.

Figure 3 (a), rendered using conventional heat equations,
assumes the fixed heat transfer rate for all of the grid cells,
thereby resulting in symmetric advection of heat. We en-
hance the heat equation to accomodate different heat transfer
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Figure 2: System flow.

(a) (b)

Figure 3: Comparison between (a) conventional heat equa-
tion and (b) our approach.

rates. Conventional heat transfer equation is:

∂u
∂t
−α∇2u = 0. (1)

In Equation 1, α is the heat transfer constant, u is tempera-
ture and t is time, respectively. We enhance it to more accu-
rately capture physical phenomenon:

α = (1−W )αwater +Wαice, (2)

W =
Pice

Pice +Pwater
. (3)

α is the heat transfer rate modifier for a grid cell. αwater and
αice are the heat transfer constants for water and ice, respec-
tively. W is the ratio on the number of ice particles to the
total number of particles in the grid cell. To calculate α, we
check the status of particles inside the grid cell and adjust
its value according to W . When there are fewer frozen parti-
cles than water particles, α will be assigned a higher value.
Conversely, it will have a lower value when there are more
frozen particles than water particles.

The Figure 3 (b) shows the rendered image based on re-
vised heat transfer equation. Compared against the counter-
part image, irregular distribution of heat transfer is visually
apparent.

To update the particle status, we have to transfer heat
contained within a grid cell to particles in the nearby cells.
Amount of heat contained in each particle is computed using
information obtained from neighboring cells using trilinear

interpolation. Each particle that has fetched heat from the
grid will then be classified as either a water or an ice parti-
cle. When the temperature falls below 0, it becomes an ice
particle.

4.2. Transfer of dissolved air

When a particle is frozen, it repels dissolved air towards
nearby particles. Algorithm 1 is the pseudocode to model

Algorithm 1 Transfer of dissolved air

for All particles do
if The phase of the ith particle is ICE then

for Every neighboring particle around the ith particle
do

if The phase of the jth neighbor of the ith particle
is WATER then

DPj = DPj +∆DPj (Equation 4)
DPi = DPi −∆DPj

end if
end for

end if
end for

such behavior. It computes the distribution of dissolved air
carried by a recently frozen ice particle DPi into nearby wa-
ter particles DPj . Amount of air transferred from particle Pi
to Pj is computed by ∆DPj :

∆DPj =
∑i Wi j∆DPi

∑i Wi j
, (4)

where

∆DPi = min(
∑ j Wi jDPi

∑ j Wi j
,DPi),

Wi j =
1

di j
(d ≤ 1).

∆DPj is determined by the distance between the particles di j,
which adjusts the weight Wi and the amount of the air parti-
cles Pi can provide. Upon completion of this step, there exist
ice particles containing excessive volume of air. Such air will
separate itself out of ice and form an air bubble trapped in-
side. When dissolved air DPi in the ith ice particle exceeds
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State Condition Description
DO field 0 < DPi < T hair Stores DO in the grid
Air bubble T hair ≤ DPi Forms an air bubble

Table 1: Phase dependency on dissolved oxygen (DO)

T hair, it is rendered as an air bubble. When the value re-
mains between 0 and T hair, air in the ice particles will be
transfered to the dissolved air field and rendered as small,
cloudy air bubbles. Should the threshold value is increasesd,
bubbles become smaller and ice becomes increasingly foggy.

4.3. Generation of directional air bubbles

(a) (b)

Figure 4: (a) Air bubbles shaped like needles appearing in
the fast-frozen ice. (b) Our simulation of air bubble shapes
like needles.

As water transforms into ice, it transfers the dissolved air
to nearby water particles. As the speed of the freezing pro-
cess is faster than that of the air being trasfered, air will be-
come a bubble aligned to the direction of ice growth (See
Figure 4 (a)). The volume depends on the amount of the
dissolved air, and the shape is affected by the direction and
speed of the freezing process. At faster freezing rate, bubbles
will form a thinner and sharper shape. We use ellipsoidal
particles to generate directional bubbles.

Exact process on how bubbles are created inside of an ice
volume is still being studied [For07]. In our method, bubble
shape and volume are assumed to depend on the freezing
speed and the amount of dissolved air [Car61]. Following
equation is used to describe directional property of bubbles:

V =
4π

3
p2(xz)q(y) (5)

, where q = 1+F and p =
√

1/q. The bubble ellipsoid has
two scale factors, q which is aligned to the direction of the
growth of the along y axis, p for the rest. V is the volume
of air bubble which is calculated by a simple scalar multi-
plication of the amount of the dissolved air associated with
the particle. F is the freezing rate, which ranges from 0 to 1.

Using the scale factors, we derive the following matrix for
scaling.

S =

p 0 0
0 q 0
0 0 p

 (6)

Figure 5: Transformation between world coordinate and lo-
cal coordinate

Bubble is then aligned with the growth of ice. We generate
a matrix which rotates y axis of the particle to match the
direction of the growth. The particle will then be transformed
with both matrices to produce a directional property (See
Figure 5).

Figure 4 (b) shows a result of bubbles with directional
property using ellipsoidal particles. We assume the same
heat trasfer rate over entire surface, and the result shows bub-
bles pointing inward.

4.4. Generation of the dissolved air field

The center of an ice volume has foggy opaque region. Our
observation reveals that air bubbles furthest from the center
tend to be large, and they become progressively smaller to-
ward the center (Figure 9 (a)). Near the center, bubbles are
sufficiently small that they appear like cloud. It is extremely
time consuming to simulate every air bubble separately in
this region. Therefore, we chose to render a particle as an air
bubble if it has sufficient air. Otherwise, we apply a volume
rendering technique using dissolved air values and generate
cloudy volume image when the final state has been reached.
We fill each cell of the dissolved air field by averaging the

(a) (b)

Figure 6: Fetching the air around a grid cell
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volume of dissolved air contained in ice particles within ra-
dius h as shown in the Figure 6 (a). While such simplification
would introduce a slight margin of error in computing the
volume of dissolved air, it does not cause serious impact the
quality of rendered image while simplifying computational
complexity.
Figure 6 (b) visualizes dissolved air field containing suffi-
cient air in red and the air bubble particles in white. Our
method can depict both large air bubbles and a group of
small, cloudy air bubbles without requiring excessive num-
bers of particles.

Because we use both particles and grids to describe air
bubbles, we can naturally display how air are distributed.
Other techniques using only grids would result in blocky for-
mation of the bubbles. In addition, as demonstrated in Figure
6 (b), our simulation can accurately depict air bubbles that
are clustered or isolated.

4.5. Freezing simulations for other shapes

Past research mainly addressed simulation of cubic ice mod-
els. But, in reality, containers of arbitrary shape are widely
used when freezing water. Our model used the SDF method
suggested by Frisken [FPRJ00] to simulate opaque ice of an
arbitrary shape (Figure 7).

(a) (b)

Figure 7: (a) The tracked model surface derived by Frisken’s
method. (b) The placement of the water particles.

Figure 8 shows the simulation results applied on vari-
ous geometric shapes. We visualize frozen particles in blue,
the air bubbles in white, and dissolved air field in red, re-
spectively. While conducting simulation using modified heat
equation, we assumed that the same amount of heat was
transfered from outside. The figure captures the ice gradu-
ally freezing thicker toward the center.

5. Results and discussion

5.1. Implementation and results

Our simulation ran on Intel Core2 2.66GHz equipped with
6.0G RAM and nVidia Geforce 8800GTS graphic card. Ice
surfaces were rendered by ray tracing method with photon

Figure 8: Simulation results for various geometries.

mapping to show caustics. Typical rendering took about five
minutes with 1024 x 768 resolution by Mental ray in Au-
todesk Maya 2010. During the rendering process, air bub-
bles were depicted as an ellipsoid, and dissolved air field
was processed using volume rendering. Exact time depends
on the number of particles processed. The cube model (Fig-
ure 9 (b)), with 295,000 particles, took about 10 minutes.
Simpler models were processed in less than two minutes.

Particles were placed so as not to overlap each other in
the beginning. Particles outside of the target geometry were
then removed. To prevent large gaps between particles or ex-
cessive clusterization, we made sure that particles maintain
certain radius between each other. Same radius was also used
for dissolved air distribution process. Initial temperature be-
gan at 10 degrees Celsius.

Particles do not move during simulation since freezing
water being frozen inside of a static container will not exhibit
drastic movement. Based on the similar assumption that wa-
ter particles would exhibit little movment, we used grid in-
stead of smoothed particle hydrodynamics (SPH) [IUDN10]
to solve heat equation. SPH has an advantage of enabling
more accurate image being generated when simulating body
of fluid that move actively (e.g., river or fall). However, it
is inefficient and does not deliver superior rendering quality
when the subject is mostly stationary. It must be noted that
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we did not consider buoyancy simulation since bubbles are
created only when trapped inside of the frozen volume.

(a) (b)

Figure 9: Comparison between (a) real ice and (b) our result.

Figure 9 compares our results against a photographic im-
age of real ice. It is visually apparent that we achieved an
impressive rendering quality which closely resembles that
of a real object. Prior to taking the photo shown in Figure 9
(a), water was first boiled and then placed in a freezer to re-
duce volume of dissolved air. In simulation, we reduced the
rate of heat transfer on the bottom of the model to accurately
reflect that the floor of a freezer delivers less heat than the
air inside the freezer.

Figure 10 illustrates our approach in progressive phases.
We used SDF to simulate freezing kept in a container of ar-
bitrary shape and applied equal heat transfer rate on all over
the surface. 25,000 particles were used in the figure, and the
number of air particles in the final image was 4,472. Visual-
ization of only the air bubble particles cannot perfectly de-
scribe small cloudy air bubble groups. On the other hand,
visualization of only the dissolved air field would result in
a smokey image. Our result shows that realistic image of
opaque ice was created using dissolved air field and air bub-
ble particles.

All results were generated on 50× 50× 50 grid. Figures
11 involved 85,650 particles, showing results viewed from
the top and the side. Figure 12 shows the result of gargoyle
statue model, and it convincingly demonstrates that our sim-
ulation works well on complex geometric shapes.

6. Limitation

Proposed technique does not yet fully support accurate and
step-by-step simulation of volume increase that occur dur-
ing freezing process. Furthermore, physical phenomenon
that occur during liquidification or solidication was outside
the scope of current research. Water is assumed to have no
movement inside. In addition, supercooled water would ex-
hibit a distinctively different behavior as it does not allow
dissolved water to aggregate into larger bubbles. Such issues
need to be addressed in our future works.

Figure 10: (a) Without any opaque area. (b) Using particle
only. (c) Dissolved air field only. (d) Both particles and the
field.

Figure 11: Teeth model: the numbers of water particles and
produced air particles are 85,650 and 13,026.

7. Conclusion and future work

We have presented an enhanced simulation method to gener-
ate realistic image of ice that contain air bubbles. Unlike pre-
vious methods, which worked well only on cubic models and
produced only spherical bubbles, our method can simulate

Figure 12: Gargoyle Statue model: the numbers of water par-
ticles and produced air particles are 90,203 and 15,731.
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generation of opaque ice with arbitrary shape and directional
bubbles. Moreover, our simulation provides high quality re-
sults even in a low-resolution grid. Our method supports a
mechanism to model opaque region as a set of particles and
dissolved air field, respectively. It handles both large air bub-
bles as well as small and cloudy air bubbles. By employing
the dissolved air field, we developed relatively simple yet
realistic enough opaque ice without a need to use excessive
numbers of particles and memory. Enhanced heat equation
allowed irregular pattern of freezing ice by accommodating
different heat transfer rates for water and ice. While our heat
trasfer method is not fully accurate with respect to the law of
physics, it produced visually convincing images. We plan to
develop more accurate models to further enhance our results.

Our primary focus in this paper is the generation of ice
contained within a stationary container. Inclusion of equa-
tions on fluid dynamics would allow us to extend the model
into freezing phenomenon that occur river or waterfall. It is
the next topic we will be working on.
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