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 Abstract 

• We propose a new SPH simulation method 

that utilizes ellipsoidal kernels instead of spherical 

kernels. 

 According to the directions and magnitudes of 

velocities. 
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 Abstract 

• The use of these deformable kernels allows us 

to efficiently simulate fast moving fluids  

 Without increasing computation cost. 

• The experiments demonstrate that our method can 

reproduce the detailed movement of fast fluids by 

reducing numerical diffusion. 
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Introduction 

• Recently, fluid simulation techniques using SPH 

have become a viable alternative to grid-based 

scheme. 

 Muller et al 2003 

 Clavet et al 2005 

 Kipfer and Westermann 2006 

 Adams et al 2007. 
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Introduction 

• Especially, SPH shows betters performance for 

generating scenes  

 That have many small droplets and unbounded 

simulation domain.  

• SPH solves the continuous Navier-Stoke equations 

 By diving the fluid into a set of discrete particles. 

 These particles have a smoothing kernel function 
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Introduction 

• In this paper, we introduce a new SPH method 

using ellipsoidal kernels. 

• In the SPH framework, each particle move with 

carrying the physical quantities in the support 

domain, and interacts with the other particles in 

the domain. 

• In real fluid,  

 A moving fluid element interacts more strongly along 

the direction of velocity than the other directions. 
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Introduction 

• In consideration of this,  

 We elongate the kernel domain along the direction of 

velocity. 

• Enable us to reproduce the detailed motion of fast 

fluids without additional particles. 

 Experiments show that our simulator result in the 

reduction of artificial damping, allowing more inertial 

movement like swirling. 
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Previous work 

• Since Foster and Metaxas first introduce fluid animation 

techniques 

 Which solved full 3D Naiver-Stokes equations. 

• Joe Stam 

 Stable fluids frameworks for Eulerian simulation, SIGGRAPH 

1999 
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Previous work 

• Foster and Fewkiw  

 Combined Level set method 

 Practical animation of liquids, SIGGRAPH 2001 
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Previous work 

• Fluid rigid interaction 

 Carlson et al 2004, Rigid fluid 

 

 

 

 Avi Robinson-Mosher 2005, Stable, two-way coupling 

http://physbam.stanford.edu/~fedkiw/animations/filling_bag.avi
http://physbam.stanford.edu/~fedkiw/animations/smoke_close.avi


Korea University 
Computer Graphics Lab. Jong-Hyun Kim | 19 August 2011 | # 11 KUCG | 

Previous work 

• Fluid deformable interaction 

 Guendelman et al 2005 

• Viscoelastic fluids 

 Goktekin et al 2004 

• Multi-phase fluids 

 Hong et al 2005, Song et al 2005, 2007, Losasso et al 2006 

http://simulation.dongguk.edu/jeongmo/dfluids/videos/pouring4.avi
http://simulation.dongguk.edu/jeongmo/dfluids/videos/jet640480.avi
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Previous work 

• Stam et al 

 SPH to the computer graphics community, 1995 

• Desbrun et al  

 SPH for animating deformable objects. 

• Muller et al 

 SPH model to simulate liquids, Isotropic SPH 

• Muller(2005), Solenthaler and Pajarola(2008) 

 SPH model was extended for multi-phase fluids 
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The basics of SPH 

SPH interpolation 

• SPH is basically interpolation scheme for 

particle system 

 In order to interpolate some physical quantity A of 

scatted particles, the interpolated quantity       can be 

expressed as 

 

 Using the above equation, interpolated density field can 

be defined as  

 

 

 

𝐴(𝑟) 
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The basics of SPH 

SPH interpolation 

• In most fluid equations, spatial derivatives of 

certain physical quantity appear and need to 

be evaluated. 

 With SPH approach, the gradient of     is simply 

 

 While the Laplacian of   evaluates to  

 

𝐴 

𝐴 
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The basics of SPH 

SPH-based fluid solver 

• The movement and mass conservation relation of 

Navier-Stokes equations can be written as 

 

 

• Similar to Muller et al(2003), we take the fractional 

step method to compute the above equations. 

 Isotropic kernel based SPH solver 

• Using the basic operators form the previous section, 

each term can be evaluated in an SPH framework.  
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The basics of SPH 

SPH-based fluid solver 

• For density evaluation, the sixth-order polynomial 

kernel 

 

• For pressure evaluation, Desbrun’s spiky kernel 

 

• And for the computation of viscosity forces, the 

viscosity kernel as shown in Muller et al 2003)                                  
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The deformable SPH kernel 

• In this section, we present a new SPH method 

called ellipsoidal SPH (eSPH),  

 Which elongate the interpolation kernel according 

to the particle’s velocity and direction. 
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The deformable SPH kernel 

Modeling of ellipsoidal kernel 

• A central point of SPH formulation is the 

concept of the kernel 

 Which move according to the Navier-Stokes equations. 

• We utilize these kernels as the basis kernels 

 Isotropic kernel 

• We deform the basis kernels according to the time-

sweeping of the smooth particle. 
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The deformable SPH kernel 

Modeling of ellipsoidal kernel 

• The shape of the deformed kernel based on particle’s 

velocity vector is an ellipsoidal. 

 Thus, our new kernel equation can be easily derived from a 

basic ellipsoid equation. 

• Assume that the kernel is elongated to the x-direction, 

ellipsoid equation can be written as 

 

• Where a > b = c and abc=1 to normalize the kernel, 

assuming that the kernel is elongated to the x-direction. 
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The deformable SPH kernel 

Modeling of ellipsoidal kernel 

• The kernel shapes are scaled down in order directions 

and the interactions between smoothed particles in 

short-axes directions are reduced. 

 E.g., viscous effect, pressure forces 

• As shown in Fig. 1b. We assume that the distance 

between two-focal points of the ellipsoid is equal to 

the traveling distance of the particle during a single 

time step.  
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The deformable SPH kernel 

Modeling of ellipsoidal kernel 

• This can be expressed as 

 

 

• Where               .  

• In practice, a fast-moving particle may interact with 

too-far-away particles, affecting the numerical stability. 

 Thus, we limit the amount of elongation of ellipsoidal 

kernel 𝑎 = min 𝑓 𝑘 , 𝑎𝑚𝑎𝑥 , where 𝑎𝑚𝑎𝑥 = 1.8  
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The deformable SPH kernel 

Coordinate transformation 

• Each particle has its own velocity, which forms an oriented 

ellipsoidal kernel as shown in Fig. 2b. 

 

 

 

 

• Such a deformed kernel can be interpolated as a scaled, 

stretched, and rotated version of the spherical kernel.  
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The deformable SPH kernel 

Coordinate transformation 

• Therefore, the transformation form kernel (local) 

coordinate to world coordinate can be expressed as 

 

• Where z and r are kernel and world coordinate vectors 

• S is scaling matrix, and R is a rotation matrix/ 

 Also, the inversion transformation is simply    
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The deformable SPH kernel 

Coordinate transformation 

• Each of these matrices can be computed using velocity 

vector u of particle.  

• The scaling matrix S is a diagonal matrix 

 Where each diagonal component is a denominator of 

the ellipsoid equation (a, b, and c of Equation 10). 

• The rotation matrix R can be computed by evaluating 

rotation of a unit axis vector ^𝑥  to 𝑢/|𝑢|.   
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The deformable SPH kernel 

Numerical calculation using ellipsoidal kernel 

• Based on the derivation of ellipsoidal kernel from the 

previous section 

 We now show how to evaluate the gradient operator. 

 Using the transformation matrices form the previous 

section, evaluation of the SPH kernel function can be 

expressed as,  
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The deformable SPH kernel 

Surface reconstruction and visualization 

• To reconstruct surface for the visualization, it is 

possible to use ellipsoidal kernel function. 

• Using the standard SPH kernel function, we convert 

particle distribution to an implicit function ∅  

 Similar to Muller et al 2003, Zhu and Bridson 2005, 

Adams et al 2007, and perform marching cubes to 

extract polygonal surface. 
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The deformable SPH kernel 

Surface reconstruction and visualization 

• In order to remove such blobby noise, we apply a 

smoothing filter to the implicit function. 

 

• The above equation has dimension of velocity and implies 

that the velocity of the surface is proportional to the 

curvature. 

• Assuming that   is signed-distance function, the above 

situation (i.e., surface moving along the normal direction) 

can be expressed in terms of  

 

∅ 

∅ 
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The deformable SPH kernel 

Surface reconstruction and visualization 

• Where    is the surface normal component of the 

velocity. 

• In face, the above equation is the mean curvature flow 

formulation (Osher and Fedkiw 2002).  

 By tuning the coefficient, we can control the amount of 

smoothing effect.  

 

𝑢𝑛 
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Experimental results 

2D cylinder test 

• We performed a classical Karman vortex street 

experiment to compare the quality of numerical 

diffusion between SPH and eSPH.  
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Experimental results 

2D dam breaking 

• To compare the simulation quality afforded by the 

proposed eSPH method with that achieved using a 

SPH method. 



Korea University 
Computer Graphics Lab. Jong-Hyun Kim | 19 August 2011 | # 31 KUCG | 

Experimental results 

Colliding water after dam breaking 

• eSPH was able to reproduce the detailed movements 

of fast fluids such as the dispersion of small droplets 

after collision of two water columns 
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Experimental results 

Shower simulation 

• Note that more complex splashes are generated by 

eSPH method 

 Due to the consideration of both temporal and spatial 

change of supports. 
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Conclusion 

• In this paper, 

 We designed a new SPH kernel,  

• Which is deformed in accordance with the temporal changes 

of the smooth area. 

 In order to deform the kernel shape,  

• We introduce a simple transformation matrix and calculate all 

of the fluid quantities using this transformation. 

 The use of the deforming kernel enables us to efficiently 

reproduce inertial movement of fluids with less numerical 

diffusion compare to the SPH simulation. 



Korea University 
Computer Graphics Lab. Jong-Hyun Kim | 19 August 2011 | # 34 KUCG | 

Conclusion 

• Our experiments show slightly compressible results  

 Since pressure is modeled using an equation of state 

similar to WCSPH method. 

 To reduce this compressible artifact,  

• we plan to apply the ellipsoidal kernel model to 

incompressible SPH or PCISPH frameworks. 


