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Abstract

In order to successfully transfer biological prin-
ciples to engineering problems, it is important
to study the fundamental properties of biological
systems. The goal is to arrive with useful abstrac-
tions that are (1) implementable, (2) testable by
experiments and sample implementations, (3) re-
tain the, for an engineering point of view, essen-
tial good properties of the biological systems. At
BIRG, we are interested in the fundamentals of lo-
comotion control and their possible applications
to robotics. In this article, we present a simple,
adaptive locomotion toy system that is of oscil-
latory nature. It is composed of two parts: an
adaptive controller based on a nonlinear oscilla-
tor, and a mechanical system made of two blocks
attached by an active and a passive spring. The
controller is designed to be robust against per-
turbations, and to adapt its locomotion control
to changing body kinematics or added external
load. The tools to develop such a toy-system are
a 2-scale nonlinear dynamical system, namely a
Hopf oscillator with adaptive frequency, and a
understanding of synchronization behavior of os-
cillators. A further central ingredient that will
be discussed is the concept of asymmetric friction
forces. We show that the system possesses several
critical parameters. It is illustrated that the bifur-
cations connected with some of these parameters
can be identified as non-smooth phase transitions
and power law behavior. Links to biology and
possible applications to robotics are discussed.

1. Introduction

Natural locomotion systems are of great interest for
robotics as they present refined and robust solutions to a
difficult engineering challenge. Namely, they manage to
coordinate multiple degrees of freedom needed for loco-
motion, using signals of the right frequencies, phases and
amplitudes (Ijspeert, 2003). However, any given natural
locomotion system is of great complexity. In the case of
a vertebrate locomotion system, it consists of an enor-
mous number of muscle and neural cells and many other

types of body parts such as bones, tendons, etc. And
even the locomotion apparatus of single cell organisms
turns out to be of astonishing complexity (Marx, 2003).

However, as many people have pointed out, simple
copying of biological processes can not be what we have
to strive for when trying to enhance engineering princi-
ples by biological inspiration. It is rather the identifica-
tion of the principles at a given level of abstraction that
makes adaptation of biological principles for engineering
problems successful (Buchli and Ijspeert, 2004).

Therefore, we have to look for fundamental principles
underlying locomotion. In order to identify these prin-
ciples, a broad range of locomotion systems have to be
looked at. This includes single cell movement, worm,
snail, snake, insect and mammalian locomotion, differ-
ent types of flying and swimming but also more abstract
concepts like active Brownian particles and ratchet sys-
tems.

When we try to find a few abstract principles common
to all types of locomotion the following key observations
arise:

• Locomotion is the process of transforming energy
(unordered movement of many parts, particles) into
directed movement (coordinated movement of the
particles).

• From the first point we can directly conclude that
locomotion always implies an active system and con-
sumes energy1.

• Any form of locomotion implies asymmetric interac-
tion forces with the environment, e.g. an asymmetric
friction mechanism (it turns out that this mechanism
is what renders locomotion into a energy consuming
process).

• Biological locomotion is robust, i.e. works under a
very broad range of external (temperature, external
forces, textures, . . . ) and internal (body properties,
fatigue, sicknesses, . . . ) conditions. There are adap-
tation processes inherent in the locomotion systems
to ensure this robustness.

1The consumed energy can be potential energy (e.g. passive
walkers) as well as energy from active mechanisms.
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• The adaptation processes work on many, very differ-
ent timescales. In other words, the time scales of, for
instance, locomotion control, adaptation to fatigue,
and adaptation to body development span over sev-
eral orders of magnitude.

In order to make these fundamental principles accessi-
ble to theoretical and experimental investigation without
the overhead of complicated experimental setups and dif-
ficult to control environments and subjects (all of which
can easily hamper clear insight) we are looking for sim-
ple systems that, nevertheless, show all the properties
listed above. Here we will report on a particular simple
instance of a nonlinear dynamical system that possesses
the described properties.

Modeling neuro-mechanical systems with

oscillators During the last decades there have
been growing numbers of attempts to model lo-
comotion control systems with the help of os-
cillators (Buchli and Ijspeert, 2004). On the
other hand bio-mechanical systems were mod-
eled by spring mass systems or inverted pendu-
lums - and are therefore of oscillatory nature
(Blickhan, 1989, Full and Koditscheck, 1999). The
logical consequence to model the complete neuro-
mechanical systems by coupled oscillators has been used
(Taga, 1995) and robotics controllers have been devel-
oped on the base of oscillators (Nakanishi et al., 2003).
Oscillators are an important and widely used sys-
tem to model phenomena in a broad range of fields.
Often, simple oscillators with fixed parameters such
as frequency and damping are used. Recently how-
ever, it was found that for modeling certain phe-
nomena, oscillators with fixed frequencies are not
sufficient. Therefore, oscillators with adaptive fre-
quencies are investigated (Acebron and Spigler, 1998,
Acebron and Spigler, 2000).

Exploiting adaptive frequency oscillators for lo-

comotion control In this contribution we show that
by using a Hopf oscillator with adaptive frequency we
can devise a controller that adapts to the resonant fre-
quencies of the mechanical system and therefore excites
it. Together with asymmetric interaction forces with the
environment – which turn out to be a fundamental prop-
erty of any locomotion system – this leads to directed
movement. There are 3 core ideas in our approach.

• The (bio)mechanical system is of oscillatory nature.
I.e. it possesses resonant frequencies at which it can
easily be excited.

• The controller is of oscillatory nature.

• The intrinsic frequency of the oscillator is adaptable
and gets influenced by the mechanical system.

As we will see, by the proper choice of the mechanical
system and the controller, a system that is self-exciting
and adaptable can be devised. In order to convert the
oscillatory movement of the mechanical system into di-
rected movement a fourth fundamental property is nec-
essary: The system needs some type of asymmetric in-
teraction forces in our case asymmetric friction, i.e. the
friction coefficients are lower for one direction compared
to the other.

We use a simple mechanical spring-mass system to
investigate the requirements needed for such a system
to make directed movement. Furthermore, we are in-
terested in a (simple) controller that is able to adapt
to changing properties of the mechanical system (i.e.
growth, mass changes, length changes).

2. A Simple, Adaptive Locomotion Toy-
System

In order to study the aforementioned fundamental prin-
ciples we devised a simple mechanical system controlled
by an oscillator. We will describe the two main con-
stituents of the system and their important properties
along with how the two subsystems get connected in or-
der to build the adaptive locomotion system.

Mechanical system The mechanical part of the sys-
tem consists of two masses connected by two parallel
springs Sa, Sp (cf. Fig. 1(a)), with different resting
lengths la and lp. For convenience, we will express them
as la = lm + ld and lp = lm − ld, where lm is the mean
value and 2ld the difference between both lengths. Both
springs are linear springs with spring constant ka, kp.
The system presented in this article is one-dimensional,
in other words, the masses are assumed to move on, and
remain in contact with, a horizontal plane and moving on
a straight line. In the following, we present the mathe-
matical description of such a system in terms of a system
of differential equations. The system can be written as
follows: q̇ = Aq + Fc + Fr(q) (1)

where q = [x1, v1, x2, v2]
T are the state variables of the

system (position and velocities of the two masses), A

is the matrix describing the action of the spring on the
masses (without any friction), Fr is the friction present
in the system and Fc is constant force arising from the
differences and mean value of the resting length of the
springs. A takes the following form

A =









0 1 0 0

−ka+kp

m
0

ka+kp

m
0

0 0 0 1
ka+kp

m
0 −ka+kp

m
0









(2)

where m are the masses attached at each end of the
springs. And,

Fc =
ld(kp − ka) − lm(ka + kp)

m
[0, 1, 0,−1]

T
(3)



Preprint February 24, 2004 
To appear in Proceedings of The Eighth International Conference on the SIMULATION OF ADAPTIVE BEHAVIOR -- SAB’04
(c) MIT Press

a)
PSfrag replacements

M1 M2FsFs

Fr,1 Fr,2

Sa

Sp

b)
PSfrag replacements

HO MSka(z)

dv

Figure 1: a) The mechanical sub-system of the adaptive lo-

comotion toy system. It consist of two identical masses con-

nected by a spring. From the mechanics of the system the

forces acting on the body can be determined: Fs is the force

that the springs exert on the blocks. It is of the same am-

plitude and opposite sign for the two masses. Fr,i are the

friction forces acting on the masses. With the help of this

forces and Newton’s law we are able to derive the system

of differential equations that govern the mechanical system

(Eq. 1). b) Schematic of the adaptive locomotion toy-system

with its two main parts: The Hopf Oscillator (HO) and the

spring mass system (MS). The Hopf Oscillator influences the

mechanical system via the spring constant ka(z). The me-

chanical in turn disturbs the Hopf oscillator by coupling in

the velocity difference dv as an additive disturbance to the

Hopf Oscillator equations.

With the choice of lm and ld the resting position of
the masses can be influenced. The choice of the friction
term Fr will be discussed below. Such a second order
linear system possesses a resonant frequency, which can
be calculated as:

ωm =

√

2(ka + kp)

m
(4)

In other words, this type of mechanical system can be in-
terpreted as a band pass filter with the pass band around
ωm. For generating displacements of the system, we re-
place the spring Sa described above with an active spring
whose spring constant ka can be modulated by a con-
troller (see next section). The active spring can be seen
as an abstract muscle-like actuator that can both pull
and push.

Hopf oscillator As controller/activator of the me-
chanical system, we use a Hopf oscillator:

ż = (µh + iωh)z − |z|2z + F (t), z ∈ C (5)

which can be written in Cartesian coordinates:

ẋh = (µh − r2)xh + ωhyh + Fx(t) (6)

ẏh = (µh − r2)yh − ωhxh + Fy(t) (7)

where xh = Re(z), yh = Im(z) and r = |z| =
√

x2
h + y2

h.
ωh is the intrinsic frequency of the oscillator and Fx(t) =
Re(F (t)) and Fy(t) = Im(F (t)) are perturbing forces.
The solutions of this system will be discussed below. The
Hopf oscillator is coupled to the mechanical system in the
following way (cf. Fig. 1(b)): First, the spring constant
ka is made a function of z in the following form:

ka = k0 + a
xh

r
(8)

where k0 is a constant for the offset of the spring con-
stant and a is a coupling constant, where a < k0 to
ensure Sa remains a spring (ka > 0). Since xh will be
an oscillating term, this choice of coupling leads to an
undulatory modulation of ka, where the frequency of the
modulation will be ωh. The division by radius r serves
to normalize the maximum of the modulation term to 1.

Second, the Hopf oscillator has feedback from the me-
chanical system:

F (t) = c dv
.
= −c(v1 − v2) (9)

where c is a coupling constant. Here, the choice has
been on the considerations that mainly the coordination
between the two bodies is important. Therefore, the
choice of a difference term2. The choice of the difference
of velocities is chosen in order to have a more sensitive
coupling in contrast to choosing the difference of posi-
tions3.

Properties of the Hopf Oscillator The Hopf
oscillator acts as a frequency selective amplifier
(Egúıluz et al., 2000), i.e. frequency components of F(t)
that are close to ωh are amplified. Especially the set-
ting µh = 0 is special in the sense that the system
undergoes a fundamental change at that point: For
µh < 0 the system exhibits a stable fixed point at z = 0,
whereas for µh > 0 a stable limit cycle occurs with radius
r =

√
µh. This phenomena is known as a Hopf bifurca-

tion (Hopf, 1942). At µh = 0, there is no signal oscillat-
ing at ωh weak enough not to get amplified by the Hopf
oscillator. Therefore, for that setting the Hopf oscillator
can be considered an ideal amplifier4. This means that,
if the resonant frequency ωm of the mechanical system
and the intrinsic frequency ωh are close enough, any sig-
nal components close to the resonant frequency of the
mechanical system get amplified. Thus, an excitation of
the system can be expected.

In case of a biological setting, this would correspond to
a case where the activation pattern of the muscles is well

2Such a difference is also more plausible from the practical and
biological point of view, where no absolute values can play a role.

3It is expected, however, that with a proper choice of the cou-
pling constant the qualitative behavior should not depend on this
choice.

4We can not delve into the mathematical details of the Hopf
oscillator in this contribution. For a more detailed treatment see
e.g. (Kern and Stoop, 2003) and references therein.
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adapted to the properties of the mechanical system, and,
therefore, a very energy efficient mode of locomotion can
be expected where only a small amount of energy has to
be spent in order to maintain high locomotion velocity5.
Animals possess adaptive processes which bring the lo-
comotion system to (near) optimum mode of operation.

Adaptive frequency oscillator In our toy-system,
adapting the oscillator to the mechanical systems means
a proper choice or a tuning of ωh. But, we can avoid
manual tuning of ωh by enhancing the dynamical system
describing the Hopf oscillator. Instead of fixing ωh we
treat it as a variable with a corresponding differential
equation describing the time evolution:

ω̇h = f(ωh, q, t) (10)

The choice of f(ωh, q, t) that serves our purpose is cho-
sen by understanding the synchronization behavior of
two coupled oscillators. To get a good grasp on the ef-
fects of perturbations on a limit cycle system it is help-
ful to look at it in the phase plane representation (cf.
(Strogatz, 1994)). In the phase plane all perturbations
have a direction, i.e. they can be represented as a vector
in that plane. It is known that a small perturbation of
a limit cycle system can only affect that phase strongly
if it perturbs the oscillator in direction tangential to the
limit cycle, the perturbations perpendicular to the limit
cycle are damped out6. Thus, depending on the state
of the oscillator (the position of the phase point on the
limit cycle) the perturbation accelerates the phase point
or slows it down. If the perturbation is a periodic sig-
nal, with a frequency close to the intrinsic frequency of
the oscillator, this results in an average acceleration or
deceleration depending on the frequency difference and
to synchronization. If we take this same effect to tune
the frequency of the oscillator (on a slower time scale)
the frequency should evolve toward the frequency of the
perturbation. Therefore, the effect of f(ωh, q, t) is the
same as the effect leading to synchronization. Thus, (in
average) driving ωh toward ωm. On that ground, we
chose

ω̇h = −τhdv

yh

r
(11)

where τh � 1. However, the adaptation of ωh happens
on a slower time scale than the evolution of the rest of
the system. This adaptation time scale is influenced by
the choice of τh.

As explained, the output of the Hopf oscillator is cou-
pled via setting ka = f(z) to the mechanical system. The

5Everybody knows this effect from sitting on a swing and trying
to get it to move. If one moves the legs at the right frequency,
with a minimum effort the swing can be brought to breathtaking
heights.

6This is, of course, a simplification of the real facts. In fact,
perturbations perpendicular to the limit cycle can, in general, per-
turb the phase of the oscillator. However, for the case of phase
oscillators, such as the Hopf oscillator, the above simplification
comes very close to the real thing. To discuss the general case is
beyond the scope of this article.

mechanical system serves as a bandpass filter. There-
fore, the Hopf oscillator, via the aforementioned feed-
back, slowly adapts its frequency to the mechanical sys-
tem.

In order to measure the excitation of the system we can
use the energy content of the mechanical part. There are
two contributions to the energy of the mechanical sys-
tem: The kinetic energy of the masses Ek = 1

2m(v2
1 +v2

2)
and the potential energy of the springs Ep =
1
2

(

ka(x2 − x1 − lm + ld)
2 + kp(x2 − x1 − lm − ld)

2
)

.
We will use this formalism to investigate the optimal
excitation frequency of the system in the next section.

Friction Friction dissipates the energy of the system.
Therefore, if no energy is pumped into the system the
system will always come to standstill from any initial
condition. We have tested the system with two different
friction schemes: viscous friction and Coulomb friction.
Both are introduced as asymmetric friction forces, i.e.
the parameters are lower for one direction compared to
the other. In viscous friction, the friction force is pro-
portional to the velocity of movement:

Fr = [0,−ρ1v1, 0,−ρ2v2]
T

(12)

where

ρi =

{

ρ+ if vi > 0
ρ− if vi < 0

(13)

The second model that has been tested is the Coulomb
friction model, in which the friction coefficients are con-
stant:

Fr = [0, Fc,1, 0, Fc,2]
T

(14)

Fc,i =

{ −|Fs| if Fs < µS |FN| and vi = 0
− vi

|vi|
µr,i|FN| otherwise

(15)
where FN = gm is the normal force of the body on the
ground, and Fs is the spring force acting on the body.
Coulomb friction has a static mode (when vi = 0) and
a dynamic mode. In our case, the dynamic friction is
made asymmetrical as follows

µr,i =

{

µ+ if vi > 0
µ− if vi < 0

(16)

With the Coulomb friction scheme the system would
be unstable since the increase in the input of energy is in-
creasing faster then the dissipation of energy due to fric-
tion. In order to avoid this instability problem, the cou-
pling from the Hopf oscillator is slightly changed. The
coupling constant a is made dependent on the rate of
change of distance of the two masses, i.e. the velocity
difference:

acoulomb =

{

a if |v1 − v2| < vthr

0 if |v1 − v2| > vthr
(17)

In other words, the coupling is switched off, if, due to
heavy excitation the masses separate too fast. Thus, the
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mechanical system runs passively for a short moment
when reaching this maximum velocity until the spring
forces and dissipation of energy bring it again below that
threshold.

For this article the default friction model is the viscous
model unless otherwise noted.

3. Simulation Results

The basic mode of locomotion is presented in Fig. 2(a).
We show in vertical order consecutive snapshots of the
mechanical system, at every 0.05 s. The locomotion of
the system most closely resembles rectilinear-movement
observed in some types of worms and snakes. The two
masses exhibit an undulatory movement by which they
are constantly stretching and compressing the springs
between them. Due to the asymmetric friction forces one
of the bodies is pushed (dragged respectively) toward one
direction.

For the remainder of this section we would like to il-
lustrate a few other important aspects of the presented
locomotion toy-system. First, we list the parameters and
initial conditions used in the simulations (unless other-
wise noted):

Default parameter values
parameter value parameter value
µh 0 lm [m] 12
τh 0.1 l2 [m] 0.5
c [sm−1] 0.1 ρ+ [Nsm−1] 0.2

a [Nm−1] 10 ρ
−

[Nsm−1] 0.1
m [kg] 1 µs 0.3
k0 [Nm−1] 10 µ+ 0.21

kp [Nm−1] 100 µ
−

0.19

vthr[ms−1] 10

Default initial
conditions
variable initial

value
z 0

ωh[rads−1] 12
x1 [m] 0
v1 [ms−1] 0
x2 [m] 11.595

v2 [ms−1] 0

In order to verify that the frequency calculated above is
really the resonant frequency of the whole system (Hopf
oscillator included) we make the following numerical ex-
periment. We set τh = 0, i.e. we go back to the fixed
frequency oscillator. Then, we numerically integrate the
system for different values of ωh over a duration of 100 s.
In Fig. 3, the resulting average energy content of the
system is plotted against ωh. The vertical lines depict
the resonant frequency of the mechanical system and its
0.25, 0.5, 2,3 and 4 folds. As expected, the broadest peak
is measured around the mechanical resonant frequency.
Furthermore, there is a second strong peak (even higher
amplitude but less broad) close to the harmonic 2ωm.
Apparently, the resonant effects at that point are very
strong. Also around 0.25ωm and 0.5ωm resonant effects
can be observed. They are however, much less strong.
Furthermore, there seems to be a systematic shift of the
resonant frequencies toward lower values for ωh < ωm

and toward higher values for ωh > ωm. In the lower
panel the attained mean velocity of the center of mass
is given. We see that that it follows the same pattern as
the energy content of the mechanical system.

Henceforth, we introduce frequency adaptation into
the Hopf oscillator by setting τh = 0.1 and investigate
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Figure 4: (a) This representative plot shows how the adap-

tation of ωh increases the velocity of the locomotion system.

ωh starts at 12. The top panel shows the development of

ωh, the second panel shows the position x1 of M1. There

is some activity in the system from the beginning, however

the excitations gets much stronger the closer ωh comes to to

the resonant frequency of the mechanical system ωm (verti-

cal line). The steady state for ωh is around 14.4, which is

lower then the calculated resonant frequency of the passive

mechanical system: ωm = 14.8324.

(b) To illustrate the robustness that is built into the loco-

motion system by its frequency adaptation we show a rep-

resentative experiment in which the mass of the bodies is

1kg to 1.5kg at t=100s (vertical line). Immediately, the fre-

quency of the oscillator ωh starts to adapt to the new resonant

frequency of the mechanical system (dash-dotted horizontal

line).

the adaptation capability. We illustrate that the adapta-
tion of ωh leads to an increase of the forward velocity of
the system. To get a first idea of how the system adapts
ωh and how this influences the speed of the mechanical
system, we show a representative plot of ωh and x1 in
Fig. 4(a) and the illustration of what happens with the
masses from 60 to 80 seconds in Fig. 2(b). It can clearly
be seen how the frequency adapts, first slowly then faster
and finally reaches a steady state around ωh = 14.4. As
can be seen the resonant effects start to excite the me-
chanical system heavily when ωh passes at around 13
and the system starts to move forward at high speed.

In the next experiment, the mass is changed during
the experiment at time t = 100 s from m = 1 kg to m =
1.5 kg. As we can see in Fig. 4(b) the oscillator quickly
adapts its frequency to the new resonant frequency of the
system and there is little change in the forward velocity.
This corresponds for example to the biological case of
growth of an animal or an addition of an external load.
The adaptation to the massive change in the properties
of the body immediately sets in, and after a few seconds
the system has reached the new steady state.

As a further important aspect, the role of initial con-
ditions of ωh at t = 0 for the adaptation capability has
been explored. As can be seen in Fig. 5, ωh will always
converge to the same value, but the initial conditions
strongly affect the time ωh needs to reach steady state.
Furthermore, from the results in Fig. 3 we expect to
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Figure 5: Adaptation of ωh with viscous friction scheme. Dif-

ferent initial values for ωh(0) = 0, 1, . . . , 32 have been chosen.

Clearly, the further away the longer ωh takes to reach its sta-

ble steady state. The horizontal lines depict 0.5ωm and 2ωm,

where from the energy diagram (Fig. 3) resonant effects have

to be expected and their influence on ωh clearly can be ob-

served here. Refer to text for further description.
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Figure 6: Comparison of the development of ωh for viscous

and Coulomb friction scheme. The Horizontal line indicates

the resonant frequency of the passive mechanical system. (A)

Viscous friction. (B) Coulomb friction. See text for further

discussion.

see some clearly visible effects at 0.5ωm and 2ωm (the
1:2 and 2:1 resonant frequencies). At around 0.5ωm this
leads to a slightly attractive area for ωh (so called ghost
points). Even more interesting is the effect at 2ωm. From
the energy diagram (Fig. 3) we know that the system
reacts very strongly at that point. We can see that this
violent reaction basically kicks the ωh out of that region
toward ωm. So we see that even if the possible attained
velocity is higher at ωh = 2ωm, this mode is not an at-
tractor of the adaptation process.

Finally, in Fig. 6, a comparison between the viscous
friction scheme and the Coulomb are presented. We see
that the convergence for ωh is slower in the case of the
Coulomb scheme, and the final value is closer to the cal-
culated resonant frequency of the passive mechanical sys-
tem.

Influences of the Parameters Next, we want to
shed light on the influence of the different parameters
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the mean mωh
and variance σωh

have been measured after

the system reached steady state (horizontal lines). Therefore,

mωh
is a measure for (M) and σωh

correlates with the distance

(U)-(L). Note this figure is illustrative only – the actual values

can change.

of the system. Note that the results in this section are
of preliminary nature, since a lack of space and time
does not allow to treat this topic in all detail in this ar-
ticle. There are a number of parameters which we can
expect to influence the system fundamentally: First, the
adaptation time scale of the Hopf oscillator τh directly
influences the adaptation speed, but also the stability of
the adaptation process. Second, the coupling constants
between the Hopf oscillator and the mechanical system
(a, c) can influence transient times as well as stability of
the system. Third, the choice of the friction parameters
(ρ+, ρ−, µr, µs, µd) obviously influences the locomotion
speed of the system.

The mechanical parameters, such as masses, resting
distances and spring constants, which seem to be impor-
tant at first sight, turn out to be not so fundamental
in a second look. They merely determine the time and
length scales on which the solutions will be found but do
not influence the type of solutions that are possible.

We will now present results of numerical simula-
tions, highlighting the influences of the parameters listed
above. First of all, the behavior of the attained steady
state values for ωh depending on the choice of the cou-
pling parameter c will be illustrated. The parameter c

influences how strongly the mechanical system perturbs
the Hopf oscillator. In order to quantify the depen-
dence of ωh on this (and other) parameters, we use the
mean (mωh

) and variance (vωh
) of ωh after it reached

the steady state (cf. Fig. 7). These values are measures
for location and shape (width/depth) of the attractor for
ωh.

In Fig. 8(a), can be seen that there is a bifurcation7

for a critical value of c = Cc. For c < Cc there is a
deviation of mωh

from the resonance frequency of the
mechanical system ωm. The deviation grows with an ex-
ponential increase in the variance when approaching Cc.

7Note that the names bifurcation and phase transition are ba-
sically two names for the same phenomena, even though with em-
phasis on different aspects. See (Haken, 1983) for a discussion.

At c = Cc the mean and variance drop to 0, i.e. the
system gets quenched. Such discontinuous behavior in
the mean value and power law behavior of the variance
are ubiquitous phenomena in phase transitions (bifurca-
tions).

Next, we shed light on the influence of τh (cf. Fig.
8(b)) again we have a clear bifurcation behavior for a
critical value of τh. For high values of τh > τh,c it seems
the system sets out onto a route into chaos (data not
shown). The reason for that might be that for higher
values of τh the timescales of the adaptation process and
the other time scales of the system start to overlap, and
therefore irregular behavior may occur. This conjecture
however bases on visual inspection and is not confirmed
yet. Again, we have a very clear power law behavior of
σωh

.

Now we turn our attention to the coupling from the
Hopf oscillator to the mechanical system. The corre-
sponding parameter is a. This parameter determines
how strongly ka is modulated by the activity of the Hopf
oscillator (cf. Eq. 8). We measure the influence by cal-
culating the mean value mv1

of the attained velocity of
M1 at steady state. Here, we find a very clear linear
dependence of mv1

on a (cf. Fig 8(c)) for the explored
range.

Finally, in Fig. 9, the influence of the friction asymme-
try (ρ+,ρn) is presented. After the transient phase the
attained mean velocity of the center of mass is measured.
As can be seen there is an exponential dependence of the
velocity on the friction parameters.

Loss of feedback and disturbances It is also inter-
esting to see how the system reacts when the feedback
is cut from the mechanical system to the Hopf oscilla-
tor by setting c = 0. In Fig. 10(a), one can observe,
that because of the setting of µh = 0, the system keeps
on moving, but at much reduced speed. If µh is set to
slightly negative values µh = [−1,−10], the oscillations
of the Hopf oscillator fade out and the system comes to
a stand still (data not shown).

In a next step, we inhibit the frequency adaptation
only by setting τh = 0. In Fig. 10(b), can be seen how
the system keeps on moving as normal, however it is not
able to adapt to changing conditions anymore (data not
shown).

In order to get an idea how the system behaves when it
gets disturbed, we blocked one of the masses for 100 s. In
Fig. 11, can be observed how the system reacts. Imme-
diately the adaptation mechanism for ωh starts to tune

the system to the new resonant frequency ωm =
√

ka+kp

m
.

After releasing the blocks the system moves backward for
a moment, before converging to the normal steady state
again. What happens with the masses around t = 100
and t = 200 can also be seen in Fig. 2(c) and 2(d). Es-
pecially from Fig. 2(d) it can be understood where the
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Figure 8: (a) Upper panel: the mean value attained for ωh

dependent on c (note the log scale). Lower panel: Variance

for ωh (note log-log scale). Note that for c > Cc the variance

drops to 0, therefore it is not drawn on the log scale. The

vertical dotted line indicates the default setting of c = 0.1

and the dashed lines indicates the approximate value of Cc.

The variance can be fitted with a power law σ2
∼ τα. The

exponent of the fit is α = 2.6959. This behavior is typical for

phase transitions.

(b) Dependence of mean and variance of ωh on τh for steady

state behavior. Again, the dotted line indicates the default

setting of τ = 0.1 and the dashed lines indicates the approx-

imate value of τh,c. The variance can be fitted with a power

law σ2
∼ τα. The exponent of the fit is α = 1.9903. (c)

The attained mean values mv1
of v1 after the system reached

steady state depending on coupling parameter a. There is

a very clear linear relationship mv1
= qa. The fit is for

q = 1.5451.
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Figure 9: Influence of the friction asymmetry in viscous
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setting of ρ
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fast forward locomotion, black to fast backward locomotion.
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Figure 10: a) At t = 400 the feedback from the mechanical

system to the Hopf Oscillator is cut by setting c = 0. This

as well inhibits the frequency adaptation. b) At t=400 only

the frequency adaptation is cut by setting τ = 0. This means

there is still feedback from the mechanical system to the Hopf

oscillator. Therefore, the system keeps moving with the same

speed. However, it can not react to changing mechanical

properties anymore (not shown).
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Figure 11: M1 blocked at t = 100 (dashed vertical line) and

released at t = 200 (dash dotted vertical line).

backward movement comes about. In the moment of the
release of M1, M2 happens to move with high velocity
toward M1, which leads to acceleration backward in the
moment of the release.

4. Discussion

In this article we have shown that, by using a Hopf oscil-
lator with adaptive frequency, we can devise a controller
that adapts to the resonant frequencies of a mechanical
system and therefore excites it. We exploited the oscil-
latory nature of the systems and the understanding of
synchronization behavior of oscillators. Together with
asymmetric friction – which turns out to be a funda-
mental property of any locomotion system – this leads
to directed movement. Asymmetric friction generalizes
to asymmetric interaction forces for other types of lo-
comotion, e.g. the elongated body of fishes have a low
longitudinal and a large perpendicular drag coefficient,
which by proper undulation of the body leads to forward
movement. In the case of legged locomotion, the asym-
metric interaction forces are implemented by having a
stance phase with ground contact forces and a swing
phase with zero interaction forces.

Two distinct time scales have been introduced into
the dynamical system. Therefore, the system is a simple
instantiation of a multi-scale8 dynamical system. The
fast time scale is what normally is associated with the
control of locomotion. The slow time scale can be as-
sociated with learning or, more generally, with adaptive
behavior. Thus, we see the descriptive power that is
naturally built into such multi-scale dynamical systems.
Especially, there is no distinction between learning algo-
rithm and learning substrate. Moreover, it is worthwhile
noting that for a full understanding of the behavior of
such a system, the two time scales can not be treated

8As a matter of fact it contains more than 2 time scales. Al-
ready a nonlinear oscillator possesses at least two time scales: One
is the time scales of the oscillations and the other is the time scale
at which it approaches its limit cycle.

completely separately.

Hitherto, multi-scale dynamical systems did not re-
ceive a lot of attention. One reason might be that there
are some problems inherent in their investigation. One
first problem that one encounters, is that, since there are
many, possibly quite different, time scales in the system,
the system has to be integrated in a way to encompass
all time scales. In other words, the integration has to
be exact enough (i.e. sampled fast enough) in order to
calculate correctly the phenomena on the fastest time
scale. On the other, hand the simulation has to run long
enough in order to see the phenomena on the slowest
time scale. The time scales are not fully separable since
it is exactly the influence between them that is of in-
terest. Furthermore, the interesting multi-scale systems
usually exhibit strong nonlinear behavior and compli-
cated bifurcation structure with many critical parame-
ters, all of which makes it difficult the get a good un-
derstanding of the systems behavior. Recently, however,
the interest in such systems is rising. One important rea-
son is that cheap, fast workstations allow fast simulation
of such systems and thus make their investigation more
amenable.

Relation to biology We would like to stress the fact
that the presented system is not meant to model detailed
biological processes. It is rather a biologically inspired
experimental system to investigate fundamental proper-
ties of locomotion (i.e. the generation of directed move-
ment).

Nevertheless, and this is our hope, the treatment of
such toy systems might lead to interesting questions for
biologists. For instance, we have seen that our model
reaches high velocities on higher order locking with the
mechanical system. It would be interesting to see if
the same phenomenon is observed in CPGs, and po-
tentially, experimentally modify the CPG frequencies
(e.g. through the application of excitatory neurotrans-
mitters), and investigate whether it starts to work at
these other resonant frequencies. In our case we saw a
strong reaction, and it would be interesting to analyze
the reaction of the natural system.

Furthermore, it is clear that the resonant frequencies
of a locomotion system change very dramatically in an
animal life time, and this at different time scales, e.g.
due to the addition of external loads (e.g. carrying a
prey) and to the growth of the animal. The natural
locomotion systems have to cope with all such changes,
and it would be interesting to explore the different types
of adaptation mechanisms that play a role in keeping
locomotion efficient. This is an area where the interplay
between biology, engineering and mathematics can prove
very fruitful.

Future work and outlook There are several avenues
to build up on the presented results. First, there are
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many theoretical questions that may be asked. Even if
the system seems to be a quite simple one, the influence
of the parameters is far from trivial. It will be interest-
ing to further investigate the bifurcation behavior of the
system. A careful investigation of the influence of the
parameters remains to be done. We know that the sys-
tem contains several critical parameters as outline above.
In the presented results, most of them have been chosen
in order to be on the safe side, e.g. τh has been chosen
small enough in order to have two well separated time
scales in the system.

Second, there are several extensions that can be made
to the systems, such as an extension to non-oscillatory
systems, for instance. We see that by exploiting synchro-
nization behavior we can devise a useful system. On the
other hand, there exist generalizations of the notion of
phase locking and synchronization for aperiodic and non-
oscillatory systems (Kuramoto, 1984). This could indi-
cate that the presented approach is an interesting path
to follow also for investigation of other problems, such
as cognition, pattern recognition, evolutionary models
and the like. Other extensions include introducing other
coupling schemes and different types of oscillators.

The control of speed and direction also needs to be ad-
dressed. More springs and oscillators can be introduced
in order to get a system that can change its direction
of locomotion (2/3D system). Furthermore, the system
should have some control over speed. Currently there
is only stop and full speed (disregarding the transients
between the two modes). However, a control of speed
could be introduced, e.g. with an intentional detuning
of the oscillator and/or with a modulation of the am-
plitude of oscillatory control signals. There are various
other possibilities, of which the respective advantages
and disadvantages and their implications on the system
have to be carefully studied.

Finally, it would be interesting to construct a real-
world robotics implementation of this toy-system as well
as to implement it as a realistic dynamical simulation in
a physics-based simulator. The system (most probably
in a slightly modified form) should prove interesting for
several robotics applications such as snake robots, (ad-
hoc) modular robotics, and legged robots.
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